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Abstract. We give a sufficient condition involving local spectra for an op-
erator on a separable Banach space to be hypercyclic. Similar conditions are
given for supercyclicity. These spectral conditions allows us to characterize the
hyponormal operators with hypercyclic adjoints and those with supercyclic ad-
joints.

1. Introduction

An operator T on a Banach space X is hypercyclic if there is a vector x ∈ X with
dense orbit {x, Tx, T 2x, . . . }. For an example, consider the adjoint of the unilateral
shift on `2(N). The operator S∗(a1, a2, . . . ) = (a2, a3, . . . ) is not hypercyclic because
‖S∗n‖ = 1 for every n ≥ 1, but, [33], λS∗ is hypercyclic for all |λ| > 1. This leads
naturally to the consideration of scaled orbits; an operator T on a Banach space X
is said to be supercyclic if there is a vector x ∈ X such that {cTnx : n ≥ 0, c ∈ C}
is dense in X. Supercyclic operators were introduced by Hilden and Wallen in
1974, who showed that the adjoint of every unilateral weighted shift is supercyclic
[22]. Many fundamental results regarding the theory of hypercyclic and supercyclic
operators were established by C. Kitai in her thesis [23]. In particular, she showed
that in order for an operator to be hypercyclic, every component of its spectrum
must intersect the unit circle. This observation, along with the result of Hilden and
Wallen, leads to an example of a supercyclic operator such that no multiple of it is
hypercyclic. In Theorem 6.2 below, we establish a supercyclic analog of Kitai’s unit
circle theorem; specifically, we show that for every supercyclic operator T , there is
a circle, {z : |z| = ρ}, that intersects not only every component of the spectrum of
T , but in fact every part of the spectrum of T ∗.

Another basic result of Kitai, formulated independently by Gethner and Shapiro
[16], is a sufficient condition for hypercyclicity that has proven to be widely appli-
cable. In Theorem 3.2, we use the well known “Hypercyclicity Criterion” of Kitai,
Gethner and Shapiro to establish a sufficient condition for hypercyclicity in terms
of the density of certain analytic spectral subspaces. We apply this to easily obtain
as corollaries recent results regarding hypercyclicity of functions of operators, f(T ),
[19, Theorem 1], [28, Theorem 1] and [4, Theorem 4], as well as the hypercyclicity
of adjoints of multiplication operators on spaces of analytic functions [17, Theorem
4.5]. Moreover, in the case of a cohyponormal operator (the adjoint of a hyponor-
mal operator), we show, in Theorem 4.3, that our sufficient condition is necessary
as well.
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Hypercyclic Cohyponormal Operators (Theorem 4.3). If T is a hyponormal
operator on a separable Hilbert space H, then T ∗ is hypercyclic if and only if for
every hyperinvariant subspaceM of T , σ(T |M)∩D 6= ∅ and σ(T |M)∩ (C \D) 6= ∅.

A sufficient condition for supercyclicity reminiscent of the hypercyclicity criterion
was established by Salas [35], who applied it to characterize supercyclic bilateral
weighted shifts. In Section 5 below, we refine Salas’s condition. Our results suggest
that supercyclic cohyponormal operators come in two types, “inner” and “outer”,
and a criterion is given for each type. As in the hypercyclic case, these criteria
give easy sufficient conditions for supercyclicity of functions f(T ). Also as in the
hypercyclic case, the inner and outer supercyclicity criteria together characterize
the cohyponormal supercyclic operators, Theorem 7.5. Consequently, we obtain a
rich supply of examples. Because our criterion is a spectral condition, the construc-
tion of non-supercyclic and purely supercyclic operators is apparent, see Section 8.
Throughout the paper, Γρ will denote the circle in C centered at the origin with
radius ρ and intΓρ and extΓρ denote the interior and exterior regions bounded by
Γρ.

Supercyclic Cohyponormal Operators (Theorem 7.5). If T is a pure hyponor-
mal operator, then T ∗ is supercyclic if and only if there exists a circle Γρ = {z :
|z| = ρ}, ρ ≥ 0, such that either:

(a) For every hyperinvariant subspaceM of T , σ(T |M) intersects Γρ and int Γρ.
or
(b) For every hyperinvariant subspaceM of T , σ(T |M) intersects Γρ and ext Γρ.

2. Local spectral theory preliminaries

Let X be a complex Banach space. For T a bounded linear operator on X,
that is, for T ∈ L(X), we denote as usual the spectrum and the approximate point
spectrum of T by σ(T ) and σap(T ). The surjectivity spectrum of T is σsu(T ) =
{λ ∈ C : (λ − T )X 6= X}. Notice that if T ∗ ∈ L(X∗) is the adjoint of T , then
σsu(T ) = σap(T ∗) and σap(T ) = σsu(T ∗). The complement of the surjectivity
spectrum is ρsu(T ), and so forth. If T ∈ L(X), let Lat(T ) denote the lattice of
closed T–invariant subspaces of X, and if M ∈ Lat(T ), then T |M ∈ L(M) is the
restriction of T to M. Following Halmos, we refer to T |M as a part of T and to
σ(T |M) as a part of the spectrum of T .

An operator T on a complex Banach space X is decomposable in the sense of
Foiaş provided that whenever {U1, U2, . . . , Un} is an open cover of C, there exist
Y1, Y2, . . . , Yn ∈ Lat(T ) such that X = Y1 + Y2 + · · · + Yn and σ(T |Yk

) ⊂ Uk, for
each k. This class of operators is quite large; for example, all normal operators on a
Hilbert space, compact operators and generalized scalar operators on Banach spaces
are decomposable. Although decomposable operators generally have no functional
calculus beyond the basic analytic functional calculus of Riesz, these operators
possess many of the spectral properties of normal operators. For the basic theory
of decomposable operators, refer to [8], [25] or [36].

Let X be a complex Banach space. If U is an open subset of the complex plane
C, we denote by O(U, X) the Frèchet space of analytic X–valued functions on
U . If T ∈ L(X), then T induces a continuous mapping TU on every O(U, X) by
(TUf)(λ) = (T − λ)f(λ) for every f ∈ O(U, X) and λ ∈ U . The operator T has
Bishop’s property (β) provided that for every open U ⊂ C, the mapping TU has
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closed range in O(U, X). That decomposable operators have property (β) is due to
Albrecht [1].

For a closed subset F of C, we will be concerned with the (glocal) analytic
spectral subspaces XT (F ). A vector x ∈ X is in XT (F ) provided that there exists
an analytic resolvent function g so that x = (T − λ)g(λ) for every λ ∈ C \ F . The
spaces XT (F ) are T–invariant subspaces of X, but generally not closed. If, for every
closed F ⊂ C, the analytic spectral subspace XT (F ) is closed, then the operator
T is said to have Dunford’s property (C). It is a theorem of Bishop [5] that an
operator T ∈ L(X) with (β) has the property that the dual space decomposes as
X∗ = X∗T∗(U) + X∗T∗(V ) whenever U and V are open with C ⊂ U ∪ V . This is
the decomposition property (δ); specifically, T ∈ L(X) has property (δ) provided
that for any open cover {U1, U2, . . . , Un} of σ(T ), the space X can be written as
the sum of the analytic subspaces: X = XT (U1) + XT (U2) + · · · + XT (Un). Thus
an operator T is decomposable if and only if T has both properties (C) and (δ).

Albrecht and Eschmeier [2] have shown that the properties (β) and (δ) are com-
pletely dual; an operator T has one of these exactly when its adjoint has the other.
Moreover, they characterize operators with Bishop’s property (β) as those similar
to the restriction of a decomposable operator, and operators with the decomposi-
tion property (δ) as those similar to a quotient of a decomposable operator. That
hyponormal operators are subscalar and thus subdecomposable is due to Putinar
[31]. Surjective Banach space isometries are generalized scalar [8, 5.1.4], and it is a
result of Douglas that every isometry has a surjective extension [12].

Bishop’s property (β) evidently implies (C), and property (C) in turn implies
that TU is injective for every open U ⊂ C, [25, Proposition 3.3.4]; this last property
is the single-valued extension property (SVEP). For operators T with (SVEP), we
consider local spectra. If x ∈ X, the local resolvent of T at x is defined to be the
set ρT (x) of λ ∈ C for which there is a neighborhood U of λ and f ∈ O(U, X)
so that x = (T − z)f(z) for all z ∈ U . The local spectrum of T at x is then
σT (x) = C \ ρT (x). We will need the following well known facts regarding the
single-valued extension property, [25, Propositions 1.3.2 and 3.3.2].

Proposition 2.1. If T ∈ L(X) has (SVEP), then
1. σT (x) is nonempty for every x 6= 0.
2. x ∈ XT (F ) if and only if σT (x) ⊂ F .
3. σ(T ) = σsu(T ).
4. The set of vectors x such that σT (x) 6= σ(T ) is meager.
5. If T has Dunford’s property (C) and F ⊆ C is closed, then σ(T |XT (F )) ⊆

F ∩ σ(T ).

Theorem 2.2. [25, Proposition 2.5.14] If T is a bounded linear operator on a sep-
arable Banach space X having the decomposition property (δ), then for every open
set U ⊆ C we have XT (U)⊥ = X∗T∗(C \ U) = {x∗ ∈ X∗ : σT∗(x∗) ⊆ C \ U}.

There is a simple relation between parts of the spectrum and the local spectra
of an operator with Dunford’s Property (C).

Proposition 2.3. If T ∈ L(X) has Dunford’s property (C), then every local spec-
trum is a part of the spectrum of T , and every part of the spectrum contains a
nonempty local spectrum.

Proof. If F is any closed subset of C, then σ(T |XT (F )) ⊂ F ; indeed, suppose that
x ∈ XT (F ) and let f be a resolvent for x on U = C\F . The function g : U×U → X
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defined by

g(µ, λ) =
f(µ)− f(λ)

µ− λ
if µ 6= λ and g(λ, λ) = f ′(λ)

is analytic, and (T − µ)g(µ, λ) = f(λ) for every λ, µ ∈ U , µ 6= λ. By continuity, it
follows that (T − λ)g(λ, λ) = f(λ) as well, and so f(λ) ∈ XT (F ) for each λ ∈ U .
Thus C \ F ⊂ ρsu(T |XT (F )) = ρ(T |XT (F )) since T |XT (F ) has (SVEP).

If F = σT (x) for some nonzero x, then clearly ρ(T |XT (F )) ⊂ ρT (x), and therefore
equality obtains. Finally, if M ∈ Lat(T ) \ {0}, then by the preceding proposition,
there is an x ∈ M so that σT |M(x) = σ(T |M), and as in the previous paragraph,
it follows that σT (x) ⊂ σT |M(x) = σ(T |M).

Not every part of the spectrum of an operator T with (C) need be a local
spectrum. The operator T = Mz on the Lebesgue space L2(∂D) is normal and
thus has property (β). The classical Hardy space H2 is invariant under T , and
σ(T |H2) = D, the closed unit disk. If f ∈ H2 \ {0}, then f is analytic on the open
unit disk D, and so σT |H2 (f) = σ(T |H2) = D, whereas σT (f) = σ(T ) = ∂D by
Szegö’s Theorem.

3. Hypercyclic operators

The principal tool in the proof of Theorem 3.2 below is a variation of the hyper-
cyclicity criterion due to Gethner and Shapiro [16].

Theorem 3.1 (Hypercyclicity Criterion). Suppose that T ∈ L(X). If there exists
two dense sets Y and Z in X such that:

1. Tnx→ 0 for every x ∈ Y , and
2. There exists functions Bn : Z → X such that TnBn = I|Z and Bnx→ 0 for

every x ∈ Z,
then T is hypercyclic.

If U is an open subset of C, let XT (U) =
⋃
{XT (F ) : F is a closed subset of U}.

Since XT (F ) ⊂ XT (K) whenever F ⊂ K, we see that XT (U) is a linear subspace
of X.

Theorem 3.2. Suppose that T ∈ L(X). If XT (D) and XT (C \D) are each dense,
then T is hypercyclic.

Proof. To show that T is hypercyclic, we shall verify the hypercyclicity criterion
with Y = XT (D) and Z = XT (C \ D).

If x ∈ XT (K) for some compact K ⊂ D, choose ρ, 0 < ρ < 1 so that K ⊂ B(0, ρ).
Let γ and Γ respectively denote the positively oriented circles {z : |z| = ρ} and
{z : |z| = ‖T‖ + 1}. If g is any resolvent function for x on C \K, then Cauchy’s
formula and the Riesz functional calculus imply that for every n ≥ 0

Tnx = − 1
2πi

∫
Γ

zng(z) dz = − 1
2πi

∫
γ

zn g(z) dz.

In particular, for every x ∈ XT (D), it follows that

Tnx→ 0 as n→∞.(1)

Thus the first condition in the hypercyclicity criterion is satisfied. Now for the
second condition, if x ∈ XT (K) for some K ⊂ C \ D, then choose ρ2 > ρ1 > 1
so that K is contained in the annulus {z : ρ1 < |z| < ρ2}. Let γ1 and γ2 be the
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inner and outer boundaries of the annulus respectively, each with counterclockwise
orientation, and let γ = γ2−γ1. Then the index of γ relative to K is ind(γ, K) = 1
and ind(γ, D) = 0. If g is any resolvent function for x on C \K, define

Bnx = − 1
2πi

∫
γ

1
zn

g(z) dz

for every natural number n. Clearly,

Bnx→ 0 as n→∞, and(2)

TnBnx = − 1
2πi

∫
γ

(Tn − zn) + zn

zn
g(z) dz

= − 1
2πi

∫
γ

(
n∑

k=1

T k−1zn−k

)
(T − z)g(z) dz − 1

2πi

∫
γ

g(z) dz

= − 1
2πi

∫
γ

(
n∑

k=1

T k−1zn−k

)
x dz +

1
2πi

∫
γ1

g(z) dz − 1
2πi

∫
γ2

g(z) dz

= − 1
2πi

∫
γ2

g(z) dz

by Cauchy’s formula. Since γ2 is the outer boundary of the annulus, another
application of Cauchy’s theorem and the Riesz functional calculus implies that for
Γ = {z : |z| = ‖T‖+ 1}

TnBnx = − 1
2πi

∫
γ2

g(z) dz = − 1
2πi

∫
Γ

(z − T )−1x dz = x.(3)

Since XT (D) and XT (C\D) are dense, (1), (2) and (3) along with the hypercyclicity
criterion imply that T is hypercyclic.

Corollary 3.3. Suppose that T ∈ L(X) and ϕ analytic in a neighborhood of σ(T ).
If there exist open sets U, V ⊂ C so that each of the subspaces XT (U) and XT (V )
is dense in X, then ϕ(T ) is hypercyclic if ϕ separates U and V is the sense that
ϕ(U) ⊂ D and ϕ(V ) ⊂ C \ D.

Proof. If ϕ is analytic on σ(T ), then for every closed subset H of C, we have that

Xϕ(T )(H) = XT (ϕ−1(H)),

[25, Theorem 3.3.6]. Thus, Xϕ(T )(D) = XT (ϕ−1(D)) ⊇ XT (U). Similarly, we
have that Xϕ(T )(C \ D) = XT (ϕ−1(C \ D)) ⊇ XT (V ). Hence, both Xϕ(T )(D) and
Xϕ(T )(C \ D) are dense. Thus ϕ(T ) is hypercyclic by Theorem 3.2.

Recall that the Kato resolvent of an operator T is the set ρK(T ) consisting of
all λ ∈ C for which (T − λ) has closed range and ker(T − λ) ⊂

⋂∞
n=1 ran(T − λ)n.

Clearly, ρK(T ) contains ρsu(T ). The significance of the Kato resolvent in our
context is that ρK(T ) is open in C, and the generalized kernel is invariant over
every component of ρK(T ); see [25, Section 3.1] for details. As an application of
Theorem 3.2, we obtain the following, [4, Theorem 4].
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Corollary 3.4. Suppose that {Gn}n is the set of components of ρK(T ) of an op-
erator T ∈ L(X), and assume that {λn}n is a sequence of points, λn ∈ Gn, such
that span

(⋃
n,k ker(T − λn)k

)
is dense in X. If ϕ is analytic on σ(T ), noncon-

stant on each component of σ(T ), and if ϕ(Gn) ∩ ∂D 6= ∅ for each n, then ϕ(T ) is
hypercyclic.

Proof. Because generalized kernels are invariant over each component of ρK(T ),
span

(⋃
n,k ker(T − µn)k

)
is dense in X whenever µn ∈ Gn. Since, [25, Proposition

3.3.1],
⋃

k ker(T − λ)k ⊂ XT ({λ}) for all λ, it follows that XT (U) is dense in X
whenever U is open and ∅ 6= U ∩ Gn for every n. In particular, U = ϕ−1(D)
and V = ϕ−1(C \ D) are disjoint, and both meet each component of ρK(T ), hence
XT (U) and XT (V ) are each dense. The result now follows from Corollary 3.3.

As an additional example, in which there is no assumption of closed range, we
can apply Theorem 3.2 to obtain [17, Theorem 4.5]. Let Ω be a domain in Cn and
H a nontrivial Hilbert space of analytic functions on Ω such that for every z ∈ Ω
the evaluation f 7→ f(z) is continuous on H. If ϕ : Ω → C is a bounded analytic
function such that ϕf ∈ H for all f ∈ H, define Mϕ : H → H by Mϕf = ϕf . The
continuity of point evaluations and the Closed Graph Theorem show that Mϕ is
continuous.

Corollary 3.5. If ϕ : Ω→ C is nonconstant and such that ϕf ∈ H for all f ∈ H,
then M∗

ϕ is hypercyclic whenever ϕ(Ω) ∩ ∂D 6= ∅.

Corollary 3.6. Let X be a complex Banach space and suppose that S ∈ L(X) has
the decomposition property (δ). If

σS∗(x∗) ∩ D 6= ∅ and σS∗(x∗) ∩ (C \ D) 6= ∅(4)

for every nonzero x∗ ∈ X∗, then S is hypercyclic.

Proof. Since S∗ has Bishop’s property (β), by Theorem 2.2, (4) is exactly the
condition that XS(D) and XS(C\D) are each dense; hence Theorem 3.2 applies.

4. Hypercyclic Cohyponormal Operators

It was shown in Feldman [14] that the adjoint of every pure subnormal operator
is cyclic. It is still unknown if the adjoint of every pure hyponormal operator is
cyclic. Nevertheless, here we shall see that several hyponormal operators have hy-
percyclic or supercyclic adjoints. Recall though that hyponormal operators cannot
be hypercyclic or supercyclic [6].

Here we observe that the sufficient condition in Corollary 3.6 is also necessary if
we restrict our attention to the case of hyponormal operators on a Hilbert space.
Recall that an operator T ∈ L(X) is hyponormal provided that ‖T ∗x‖ ≤ ‖Tx‖ for
every x ∈ X, equivalently, by the Closed Graph Theorem, if there is a contraction K
on X so that T ∗ = KT . It is well known that the restriction T |M of a hyponormal
operator is hyponormal for every M ∈ Lat(T ), and if T is invertible, then T−1 is
hyponormal. Also, ‖Tn‖ = ‖T‖n for every natural number n; in particular, the
spectral radius of T , r(T ), satisfies r(T ) = ‖T‖. See Martin & Putinar [26] for
more on hyponormal operators.
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Theorem 4.1. If T is a hyponormal operator on a separable Hilbert space H, then
T ∗ is hypercyclic if and only if σT (x) ∩ D 6= ∅ and σT (x) ∩ (C \ D) 6= ∅ for every
nonzero x ∈ H.

Proof. Let T be hyponormal on a Hilbert space H. It is known that a hyponormal
operator has property (β), see Putinar [31] or [26], p.84, and thus T ∗ has property
(δ). If the local spectra σT (x) ∩ D 6= ∅ and σT (x) ∩ (C \ D) 6= ∅ for every nonzero
x ∈ H, then T ∗ is hypercyclic by Corollary 3.6.

Conversely, suppose that T ∗ is hypercyclic. By Proposition 2.3, it suffices to
show that every part of the spectrum of T meets both D and C \ D. Let S = T |M
for someM∈ Lat(T ) \ {0}. If x is a hypercyclic vector for T ∗, then the projection
PMx is hypercyclic for S∗ = PMT ∗|M, and so r(S) = ‖S‖ = ‖S∗‖ > 1. Thus,
σ(S)∩ (C \D) 6= ∅. On the other hand, if σ(S) ⊂ (C \D), then S−1 is hyponormal
with r(S−1) ≤ 1 and hence ‖S−1‖ ≤ 1. But S∗ hypercyclic and invertible which
implies that (S∗)−1 is hypercyclic, [3] or [27], and thus ‖(S∗)−1‖ > 1, contradicting
the fact that ‖S−1‖ ≤ 1. Thus we have that σ(S) ∩ D 6= ∅.

Example 4.2. In the setting of Corollary 3.5, assume that H is a Hilbert space of
analytic functions on a domain Ω in C such that f 7→ f(ω) is continuous for every
ω ∈ Ω and such that f 7→ ϕf is continuous for every bounded analytic function ϕ
on Ω. This latter assumption guarantees that σ(Mϕ) ⊂ ϕ(Ω). If ϕ ∈ H∞(Ω) is
nonconstant, then Mϕ has property (C) on H; in fact, if F is a closed subset of
C, then HMϕ(F ) = {0} or HMϕ(F ) = H. Indeed, suppose that F is a closed set
such that ϕ(Ω) 6⊂ F , and let f ∈ HMϕ

(F ). If U = C \ F , then there is an analytic
function g : U × Ω → C such that (ϕ(z) − λ)g(λ, z) = f(z) for every λ ∈ U and
z ∈ Ω. It follows that f = 0 on ϕ−1(U) ∩ Ω, and therefore that f = 0 on all of Ω.
Thus HMϕ

(F ) = {0} or, if ϕ(Ω) ⊂ F , then HMϕ
(F ) = H. Equivalently,

σMϕ(f) = σ(Mϕ) = ϕ(Ω)

for every nonzero f ∈ H. If we assume additionally that Mϕ is hyponormal on
H, then the converse of Corollary 3.5 obtains: M∗ϕ is hypercyclic if and only if
ϕ(Ω) ∩ ∂D 6= ∅.

In view of Proposition 2.3, an equivalent way to state Theorem 4.1 is as follows.

Theorem 4.3. If T is a hyponormal operator on a separable Hilbert space H, then
T ∗ is hypercyclic if and only if σ(T |M) ∩ D 6= ∅ and σ(T |M) ∩ (C \ D) 6= ∅, for
every hyperinvariant subspace M of T .

If µ is a positive compactly supported regular Borel measure on C, then we denote
by P 2(µ) the closure of the polynomials in L2(µ). Let Nµ be the normal operator of
multiplication by z on L2(µ), and Sµ be the subnormal operator of multiplication
by z on P 2(µ). Since Nµ leaves P 2(µ) invariant, N∗µ will leave P 2(µ)⊥ invariant.
Let T = N∗µ|P 2(µ)⊥, so T = Mz on P 2(µ)⊥. If Sµ is pure, then T is a pure
subnormal operator, called the dual of Sµ (see Conway [9] or [10]).

Example 4.4. Suppose ∆ is an open disk such that ∂∆ intersects both {z : |z| <
1} and {z : |z| > 1}. Denote Lebesgue measure on ∂∆ by m and let dA be area
measure on ∆. There exists a w ∈ L∞(∆, dA), w > 0 a.e., such that if T = Mz

on P 2(m + w dA)⊥, then T is an irreducible subnormal operator such that T ∗ is
hypercyclic.
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Remark. Notice that if w = 1, then T is an irreducible subnormal operator, but
T ∗ is not hypercyclic.

Proof of Example 4.4. Let ∆ = {z : |z−a| < R} and define G(z) = exp(− exp((R−
|z − a|)−1)) for every z ∈ ∆. By [10, Theorem 14.21], Mz on L2(G dA) has a
bounded cyclic vector, ϕ; let w = |ϕ|2G. Notice that P 2(w dA) = L2(w dA). Let
µ = m + w dA.

Claim: If f ∈ P 2(µ)⊥ and f |I = 0 for an interval I ⊆ ∂∆, then f = 0 µ-a.e.

Given the Claim, let’s finish the proof. We want to apply Theorem 4.3. LetM be
an invariant subspace for T . If f ∈M and f 6= 0, then ∂∆ ⊆ support(f) ⊆ σ(T |M).
It follows that σ(T |M) intersects both {z : |z| < 1} and {z : |z| > 1}. Thus
Theorem 4.3 applies to give that T ∗ is hypercyclic.

In order to establish the Claim, suppose that f ∈ P 2(µ)⊥ and f = 0 µ-a.e. on
an interval I ⊆ ∂∆. If E = ∆ \ I, then by [24, Corollary 2],

P 2(µ|E) = L2(m|∂∆\I)⊕ L2(|ϕ|2G dA) = L2(µ|E).

Since f ∈ L2(µ|E) and f ⊥ P 2(µ|E)), it follows that f = 0 µ-a.e.

Some immediate corollaries of Theorem 4.3 are as follows.

Corollary 4.5. (a) If Tn is a bounded sequence of cohyponormal operators each of
which is hypercyclic, then

⊕
n Tn is also hypercyclic.

(b) If T is a hypercyclic cohyponormal operator and f(z) is an inner function
that is analytic on σ(T ), then f(T ) is also hypercyclic.

Example 4.6. Let {∆n}∞n=1 be a sequence of open disks in the plane; for each n
let L2

a(∆n) be the Bergman space on ∆n, and let H =
⊕

n L2
a(∆n). Let {ϕn}n

be a uniformly bounded sequence of nonconstant analytic functions ϕn : ∆n → C,
and let T =

⊕
n Mϕn

. Then T is a pure subnormal operator. By Example 4.2
and Proposition 2.3, the spectrum of Mϕn

has only one part, and the parts of the
spectrum of T are of the form cl

[⋃
k ϕnk

(∆nk
)
]
. Therefore, by Theorem 4.3, T ∗ is

hypercyclic if and only if ϕn(∆n) ∩ ∂D 6= ∅ for every n.

We will use direct sums of Bergman spaces to construct additional examples in
Section 8 below.

5. Supercyclic Operators

As we shall see, supercyclic cohyponormal operators fall into two categories:
inner and outer, and a slightly different criterion is used in the two different cases.
The following is a slight refinement of the (outer) supercyclicity criterion due to
Hector Salas [35] used to show that an operator is supercyclic, as well as an “inner”
formulation of his criterion. One can also see that if T is invertible and satisfies one
of the criteria, then T−1 satisfies the other criteria. In what follows, X will denote
a separable Banach space.

Theorem 5.1 (An Outer Supercyclicity Criterion). Suppose that T ∈ L(X). If
there exists a dense linear subspace Y and for every y ∈ Y there is a dense linear
subspace Xy such that:

1. There exists functions Bn : Y → X such that TnBny = y for all y ∈ Y , and
2. if y ∈ Y and x ∈ Xy, then ‖Tnx‖‖Bny‖ → 0 as n→∞;
then T is supercyclic.
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Theorem 5.2 (An Inner Supercyclicity Criterion). Suppose that T ∈ L(X). If
there exists a dense linear subspace Y and for every y ∈ Y there is a dense linear
subspace Xy such that:

1. There exists functions By,n : Xy → X such that TnBy,nx = x for all x ∈ Xy,
and

2. if y ∈ Y and x ∈ Xy, then ‖Tny‖‖By,nx‖ → 0 as n→∞;
then T is supercyclic.

Note that the functions Bn and By,n, which are right inverses of T , are nothing
more than well defined functions; they may be, and usually are, discontinuous.
The proof of Theorem 5.1 is essentially due to Salas [35] and is similar to the
proof of Theorem 5.2 given below. Both proofs use the following characterization
of supercyclicity, see [15].

Proposition 5.3. If T ∈ L(X), then T is supercyclic if and only if

{(x, αTnx) : x ∈ X, n ≥ 0, α ∈ C}
is dense in X ⊕X.

Proof of Theorem 5.2. We will apply Proposition 5.3. So let g, h ∈ X and let ε > 0,
then we must find z ∈ X, c ∈ C, and n ≥ 0 such that ‖g−z‖ ≤ ε and ‖h−cTnz‖ ≤ ε.

First choose y ∈ Y such that ‖g − y‖ < ε/2. Now that y ∈ Y has been chosen,
our hypothesis guarantees that there is a dense set Xy with various properties. So,
choose x ∈ Xy such that ‖h− x‖ ≤ ε/2.

We want to let z = y + (1/c)By,nx for some choice of c > 0 and n ≥ 1. First
choose n ≥ 1 such that ‖Tny‖‖By,nx‖ ≤ ε2/4. Next choose c > 0 such that
(1/c)‖By,nx‖ = ε/2. With these choices we claim that z has the required properties.

First, ‖g− z‖ = ‖g− y− (1/c)By,nx‖ ≤ ‖g− y‖+ (1/c)‖By,nx‖ ≤ ε/2 + ε/2 = ε.
Second, using the fact that TnBy,n = I|Xy

, we have

‖h− cTnz‖ = ‖h− cTny − x‖ ≤ ‖h− x‖+ c‖Tny‖
= ‖h− x‖+ (2/ε)‖By,nx‖‖Tny‖
≤ ε/2 + (2/ε)(ε2/4) = ε.

Thus by Proposition 5.3, T is supercyclic.

If ρ ≥ 0, we denote the circle {z : |z| = ρ} by Γρ. The interior and exterior of
Γρ are the regions int Γρ = {z : |z| < ρ} and ext Γρ = {z : |z| > ρ}.
Corollary 5.4. Let T ∈ L(X). If there exists a number ρ ≥ 0, such that for every
ε > 0, span{ker(T − λ) : ρ < |λ| < ρ + ε} is dense in X, then T is supercyclic.

Proof. We will show how to apply Theorem 5.1. Let Y be the linear span (finite
linear combinations only) of {ker(T − λ) : |λ| > ρ}. Then Y is a dense linear
subspace of H. We now define B : Y → Y as follows: If v ∈ ker(T − λ), |λ| > ρ,
let Bv = 1

λv. Now extend B linearly to all of Y . It follows easily that B is well
defined and TB|Y = I.

Now, for y ∈ Y , we need to define Xy. Suppose that y = α1x1 + · · · + αnxn

where xi ∈ ker(T − λi) and |λi| > ρ. Let m = min{|λi| : 1 ≤ i ≤ n}. Notice
that m > ρ. Thus, if we let Xy be the set of all finite linear combinations of
{ker(T − λ) : ρ < |λ| < m}, then by our assumption, Xy is dense.

Finally, one easily sees that if y ∈ Y and x ∈ Xy, then ‖Tnx‖‖Bny‖ → 0 as
n→∞. Hence the criterion is satisfied and T is supercyclic.
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Similarly, one has the following result. Its proof is the same other than using
Theorem 5.2 instead of Theorem 5.1.

Corollary 5.5. Supppose that T ∈ L(X) and that there exists a number ρ > 0,
such that for every ε > 0, span{ker(T − λ) : ρ − ε < |λ| < ρ} is dense in X, then
T is supercyclic.

Proposition 5.6. If S is an operator on a Hilbert space with a supercyclic adjoint,
then for every invariant subspace M of S, we have S|M has a supercyclic adjoint.

Proof. If x is a supercyclic vector for S∗ and P is the projection ontoM, then Px
is a supercyclic vector for (S|M)∗.

6. The Supercyclicity Circle for General Operators

If C is a compact set in the plane and ε > 0, then let B(C, ε) denote the ε-
neighborhood of C, that is B(C, ε) = {z : dist(z, C) < ε}. For the proof of the
following classic result see Newman [30], corollary 1, p.83.

Lemma 6.1. If K is any compact set in the complex plane, C is a component of
K, and ε > 0, then there exists disjoint open sets U , V such that K ⊆ U ∪ V and
C ⊆ U ⊆ B(C, ε).

The following Theorem is a stronger form of a result due to Herrero [20, Propo-
sition 3.1].

Theorem 6.2. If T ∈ L(X) is a supercyclic operator on a separable Banach space
X, then there exists a circle Γρ, ρ ≥ 0, such that σ(T ∗|M) ∩ Γρ 6= ∅ for every
nonzero weak* closed T ∗-invariant subspace M of X∗.

In particular, every component of the spectrum of T intersects Γρ.

If T is a supercyclic operator, then any circle as in Theorem 6.2 will be called
a supercyclicity circle for T and its radius is a supercyclicity radius of T .
Notice that a supercyclicity circle may or may not be unique (but see Corollary 7.7).
However, the set of supercyclicity radii form a closed interval. Also, notice that ρ
may be zero, see the examples in Section 8.

The proof of Theorem 6.2 follows from the following lemmas

Lemma 6.3. Let Ti ∈ L(Xi), i = 1, 2. If T = T1 ⊕ T2 and ‖Tn
1 x‖ → 0 as n→∞

for every x ∈ X1 and lim
n→∞

‖Tn
2 x‖ > 0 for every nonzero x ∈ X2, then T is not

supercyclic.

Proof. Suppose that T is supercyclic and (x, y) ∈ X1⊕X2, is a supercyclic vector for
T . If (z, w) ∈ X1⊕X2 with z /∈ {cTn

1 x : c ∈ C, n ≥ 0}, then there exists scalars {ck},
and a subsequence {nk} such that ckTnk(x, y)→ (z, w). Thus, (ckTnk

1 x, ckTnk
2 y)→

(z, w). Since z /∈ {cTn
1 x : c ∈ C, n ≥ 0}, it follows that nk →∞.

However, since Tnk
1 x→ 0 and ckTnk

1 x→ z 6= 0, we must have that ck →∞. On
the other hand, ckTnk

2 y → w, and since ck → ∞, we must have that ‖Tnk
2 y‖ → 0.

However this is a contradiction, so T is not supercyclic.

Lemma 6.4. (a) If T ∈ L(X) is an invertible operator such that ‖T−1‖ ≤ 1, then
‖Tnx‖ ≥ ‖x‖ for every x ∈ X and for every n ≥ 0.

(b) If σ(T ) is contained in {z : |z| > 1}, then ‖Tnx‖ → ∞ as n→∞ for every
nonzero vector x ∈ X.
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(c) If σ(T ) is contained in {z : |z| < 1}, then ‖Tnx‖ → 0 as n → ∞ for every
vector x ∈ X.

Proof. (a) If x ∈ X, then ‖x‖ = ‖T−nTnx‖ ≤ ‖T−n‖‖Tnx‖ ≤ ‖Tnx‖.
(b) Notice that T is invertible and the spectral radius of T−1 is strictly less than

one, r(T−1) < 1. Now, if x 6= 0, then

‖x‖ = ‖T−nTnx‖ ≤ ‖T−n‖‖Tnx‖
thus,

‖x‖1/n ≤ ‖T−n‖1/n‖Tnx‖1/n.

Now taking limits we have,

1 ≤ r(T−1) lim ‖Tnx‖1/n.

Thus, lim ‖Tnx‖1/n ≥ r(T−1)−1 > 1. So, ‖Tnx‖1/n ≥ η > 1 for all large n, thus
‖Tnx‖ → ∞.

(c) This is well known and follows for example from the continuity of the Riesz
functional calculus.

Proof of Theorem 6.2. Let wk*– Lat(T ∗) denote the set of weak* closed subspaces
in Lat(T ∗). First notice that every component of σ(T ) arises as the decreasing
intersection of spectra of the form σ(T ∗|M), for some M ∈ wk*– Lat(T ∗). This
follows easily from Lemma 6.1 and the Riesz functional calculus; we shall briefly
sketch the argument. Let U, V be a separation of σ(T ), so σ(T ) ⊆ U ∪ V and
U ∩ V = ∅, and let E be the Riesz idempotent corresponding to U for the operator
T . Thus, if K = ran(E), then σ(T |K) = σ(T ) ∩ U . If M = ker(E)⊥, then M
is a weak* closed invariant subspace for T ∗ and the predual of T ∗|M is similar to
T |K. (Notice that if S∗ = T ∗|M, then S acts on X/M⊥ = X/ ker(E) ≈ K.) So,
σ(T ) ∩ U = σ(T |K) = σ(T ∗|M). Now if a component C of σ(T ) is given then for
any ε > 0, using Lemma 6.1 we may choose a separation U, V of σ(T ) such that
C ⊆ U ⊂ B(C, ε). This together with the above argument gives the desired result.

Letting f(z) = |z|, we may restate the conclusion of the Theorem as⋂
{f(σ(T ∗|M)) :M∈ wk*– Lat(T ∗) \ {0}} 6= ∅.

Let P be the collection of all components of all sets of the form σ(T ∗|M) where
M ∈ wk*– Lat(T ∗) \ {0}. Then P is a collection of connected sets, each arising as
the component of a part of σ(T ). Notice that⋂

{f(C) : C ∈ P} ⊂
⋂
{f(σ(T ∗|M)) :M∈ wk*– Lat(T ∗) \ {0}}

We shall show that
⋂
{f(C) : C ∈ P} 6= ∅. Suppose by way of contradiction

that
⋂
{f(C) : C ∈ P} = ∅, since {f(C) : C ∈ P} is a collection of closed intervals,

possibly degenerate ones, with empty intersection, there must be two members with
empty intersection. That is, there must exist C1, C2 ∈ P such that f(C1)∩f(C2) =
∅. Since f(Ci) is a closed interval, we may choose an r > 0 strictly between the
two intervals f(C1) and f(C2); by rescaling we may assume that r = 1. Thus we
have C1 ⊂ D and C2 ⊂ C \D. By definition of P, Ci is a component of a set of the
form σ(T ∗|Ni), i = 1, 2. Now using Lemma 6.1 and the Riesz functional calculus
we may find Mi ⊆ Ni,Mi ∈ wk*– Lat(T ∗) \ {0}, such that

σ(T ∗|M1) ⊂ D and σ(T ∗|M2) ⊂ C \ D.
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By Lemma 6.4 we have that ‖T ∗nx‖ → 0 for all x ∈M1 and ‖T ∗nx‖ → ∞ for all
nonzero x ∈ M2. Thus, M1 ∩M2 = {0}. If M3 is the wk* closure of M1 +M2,
then M3 ∈ wk*– Lat(T ∗). Let Ti be the quotient operator acting on the space
X/Mi⊥, and define A :M1⊕M2 →M3 by A(x, y) = x+y. Notice that A is weak*
continuous and thus there exists an operator B : X/M3⊥ → (X/M1⊥)⊕(X/M2⊥)
such that A = B∗. Since A is one-to-one and A[(T ∗|M1) ⊕ (T ∗|M2)] = (T ∗|M)A,
it follows that B has dense range and BT3 = (T1 ⊕ T2)B.

Since T3 is supercyclic and the map B intertwines and has dense range, we get
that T1 ⊕ T2 is supercyclic. However, since σ(T1) ⊆ {z : |z| < 1} and σ(T2) ⊆ {z :
|z| > 1}, Lemmas 6.3 and 6.4 give that T1 ⊕ T2 is not supercyclic. Thus we have a
contradiction; hence

⋂
{f(C) : C ∈ P} 6= ∅, and thus it follows that⋂

{f(σ(T |M)) :M∈ wk*– Lat(T ∗) \ {0}} 6= ∅

as required. It also follows that if ρ ≥ 0 is such that σ(T |M) ∩ {z : |z| = ρ} 6= ∅
for every M ∈ wk*– Lat(T ∗) \ {0}, then every component of σ(T ) will intersect
{z : |z| = ρ} as well.

Corollary 6.5. If T ∈ L(X) is a supercyclic operator on a separable Banach space
X such that T ∗ has Dunford’s property (C), then there is a circle Γρ such that for
every nonzero x∗ ∈ X∗, σT∗(x∗) ∩ Γρ 6= ∅.

Proof. Since T ∗ has Dunford’s property (C), (the proof of) Proposition 2.3 shows
that if x∗ ∈ X∗, and F = σT∗(x∗), then σ(T ∗|X∗T∗(F )) = F . Since X∗T∗(F ) is
norm closed and T ∗ has (SVEP), it is also weak* closed, [13, Lemma 6.1.5] or [25,
Proposition 2.5.6]. Thus, Theorem 6.2 applies.

Remark. See Corollary 6.10, where a converse is shown to be true under a slightly
stronger assumption.

The next corollary was obtained for subdecomposable operators in [28].

Corollary 6.6. If T is a supercyclic decomposable operator, then σ(T ) is contained
in a circle centered at the origin.

Proof. Since T is decomposable, then T ∗ is decomposable, thus T ∗ has properties
(C) and (δ). By Corollary 6.5 there is a ρ such that σT∗(x∗) ∩ Γρ 6= ∅ for every
nonzero x∗ ∈ X∗. If ε > 0, let Uε = {z : |z| < ρ−ε/2}, Vε = {z : ρ−ε < |z| < ρ+ε}
and Wε = {z : |z| > ρ + ε/2}. By property (δ) and Proposition 2.3,

X∗ = X∗T∗(Uε) + X∗T∗(Vε) + X∗T∗(Wε)
= X∗T∗(Vε).

Thus, X∗ =
⋂

ε>0 X∗T∗(Vε); in particular, σ(T ∗) = σsu(T ∗) ⊂
⋂

ε>0 Vε = Γρ.

Next we give the supercyclic analog of Theorem 3.2.

Theorem 6.7. Let T be an operator on a separable Banach space X and suppose
that there is a number ρ ≥ 0 satisfying either:

(a) XT (ext Γρ) is dense and for every ε > 0, XT (int Γρ+ε) is dense, or
(b) XT (int Γρ) is dense and for every ε > 0, XT (ext Γρ−ε) is dense.
Then T is supercyclic.
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If (a) holds, we say T is ρ-outer or outer with respect to Γρ and if (b) holds, then
we say T is ρ-inner or inner with respect to Γρ. The proof of Theorem 6.7 follows
from the inner/outer supercyclicity criteria.

Recall an operator has the decomposition property (δ) if it is the adjoint of a
subdecomposable operator. Thus, every cohyponormal operator has property (δ).
The following proposition follows easily from Theorem 2.2.

Proposition 6.8. Let T be an operator on a separable Banach space with the de-
composition property (δ) and let ρ ≥ 0. Then the following are equivalent:

(a) For every ε > 0, XT ({z ∈ C : ρ < |z| < ρ + ε}) is dense in X.
(b) XT ({z : |z| > ρ}) is dense in X and for every ε > 0, XT ({z : |z| < ρ + ε})

is dense in X.
If ρ > 0, then the following two conditions are equivalent:
(c) For every ε > 0, XT ({z ∈ C : ρ− ε < |z| < ρ}) is dense in X.
(d) XT ({z : |z| < ρ}) is dense in X and for every ε > 0, XT ({z : |z| > ρ − ε})

is dense in X.

The previous proposition implies that Theorem 6.7 is equivalent to Corollary 6.9
when T has the decomposition property (δ).

Corollary 6.9. Let T be an operator on a separable Banach space X and suppose
that there is a number ρ ≥ 0 satisfying either:

(a) For every ε > 0, XT ({z ∈ C : ρ < |z| < ρ + ε}) is dense in X, or
(b) For every ε > 0, XT ({z ∈ C : ρ− ε < |z| < ρ}) is dense in X.
Then T is supercyclic.

Proof of Theorem 6.7. Suppose (a) holds. Let Y = XT (ext Γρ). If we let Bn : Y →
X be given by

Bny =
−1
2πi

∫
γ

1
zn

g(z)dz

where y = (T − z)g(z) and g is analytic off a compact set K ⊆ ext Γρ and where γ
surrounds K in ext Γρ. Then TnBny = y for all y ∈ Y , as in the proof Theorem 3.2.

Now, given a y ∈ Y , say y = (T − z)g(z) and g is analytic off a compact set
K ⊆ {|z| > ρ}. Since K is compact there is an ε > 0 such that K ⊆ {|z| > ρ + 2ε}.
For such an epsilon, let Xy = XT ({z ∈ C : |z| < ρ + ε}).

Now if y ∈ Y and x ∈ Xy, then ‖Tnx‖ ≤ C(ρ + ε)n for some constant C > 0
independent of n and similarly, ‖Bny‖ ≤ C ′ 1

(ρ+2ε)n . (The estimates make use of the
integral representations of Bny and Tnx = 1

2πi

∫
γ1

znh(z)dz, where x = (T −z)h(z)

and γ1 is in {z : |z| < (ρ+ ε)}). Thus, ‖Tnx‖‖Bny‖ ≤ C ′′[ (ρ+ε)
(ρ+2ε) ]

n → 0, as n→∞.
So, T is supercyclic. If (b) holds, then the proof is similar.

Corollary 6.10. Let X be a complex Banach space and assume that T ∈ L(X) has
the decomposition property (δ). If there exists a circle Γρ, ρ ≥ 0, satisfying either:

(a) For every nonzero x∗ ∈ X∗, σT∗(x∗) intersects both Γρ and int Γρ, or
(b) For every nonzero x∗ ∈ X∗, σT∗(x∗) intersects both Γρ and ext Γρ.
Then T is supercyclic.

Proof. Simply apply Theorem 2.2 and Theorem 6.7.
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7. The Supercyclicity Circle for Cohyponormal Operators

For supercyclic cohyponormal operators we have a stronger version of Theo-
rem 6.2. We recall that a pure hyponormal operator on a Hilbert space H is a
hyponormal operator T such that there is no reducing subspaceM such that T |M
is normal.

Lemma 7.1. If T is a pure hyponormal operator and T has an invariant subspace
M such that T |M is an isometry, then σ(T ) ∩ D 6= ∅.
Proof. Suppose that T ∈ L(H) is a pure hyponormal operator and M ∈ Lat(T ) is
such that T |M is an isometry. Since T is pure, T |M is a pure isometry and thus
σ(T |M) = D. Choose any nonzero x ∈ M. Then K := σT (x) ⊆ σ(T |M) = D.
Consider the spectral subspace XT (K). Since T is hyponormal, XT (K) is a closed
hyperinvariant subspace for T and σ(T |XT (K)) = K. Now either K ⊆ ∂D or
K ∩ D 6= ∅. If K ⊆ ∂D, then Putnam’s Inequality implies that T |XT (K) is normal;
contradicting the purity of T . Thus K ∩ D 6= ∅. Since XT (K) is hyperinvariant, it
is also rationally invariant, and thus K = σ(T |XT (K)) ⊆ σ(T ). Thus, σ(T ) ∩ D 6=
∅.
Remark. In Lemma 7.1 if T is actually subnormal, then it can be shown that
D ⊂ σ(T ), however this is not true for hyponormal operators. In fact there exists an
invertible pure hyponormal operator (a bilateral weighted shift) that is an extension
of an isometry.

Recall that a part of the operator S is any operator of the form S|M and a
part of the spectrum of S is any set of the form σ(S|M) where M is an invariant
subspace for S.

Proposition 7.2. If S is a pure hyponormal operator and S∗ is supercyclic, then
there is a circle Γρ, ρ ≥ 0, such that either:

(a) Every part of σ(S) intersects both Γρ and int Γρ, or
(b) Every part of σ(S) intersects both Γρ and ext Γρ.

Proof. Theorem 6.2 gives a circle Γρ such that for every part T of S, σ(T )∩Γρ 6= ∅.
If ρ = 0, then (b) holds. Thus we may assume that ρ > 0, and, by normalizing,
that ρ = 1. Suppose that neither (a) nor (b) are true; that is, assume that there
existM1,M2 ∈ Lat(S) \ {0} such that, if Ti = S|Mi

, i = 1, 2, then σ(T1) ⊆ D and
σ(T2) ⊆ C \ D.

LetM = cl(M1 +M2) and set T = S|M. Notice thatM1 ∩M2 is an invariant
subspace for T2 and T2|(M1 ∩ M2) is an isometry; hence if M1 ∩ M2 6= (0),
then Lemma 7.1 implies that σ(T2) ∩ D 6= ∅, contradicting our assumption that
σ(T2) ⊆ C \ D. Since M1 ∩M2 = (0), the natural map from M1 ⊕M2 → M
that sends (x, y) 7→ x + y is a one-to-one map that intertwines T1 ⊕ T2 with T .
Since, T ∗ is supercyclic, it follows that T ∗1 ⊕ T ∗2 is supercyclic. Although, since
σ(T ∗1 ) ⊆ {z : |z| ≤ 1}, and T1 is a pure hyponormal operator, it follows that
‖T ∗n1 x‖ → 0 for every x (see [32]). Also, since σ(T ∗2 ) ⊆ {z : |z| ≥ 1}, we have
that ‖T ∗−1

2 ‖ ≤ 1 and thus lim ‖T ∗n2 x‖ ≥ ‖x‖ > 0 for every nonzero x ∈ M2. But
by Lemma 6.3 this implies that T ∗1 ⊕ T ∗2 is not supercyclic, a contradiction. Thus
either (a) or (b) must hold.

Recall that an operator T of is said to be ρ–outer or ρ–inner provided that T
satisfies conditions (a) or (b) of Theorem 6.7, respectively. If S is a pure hyponormal
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operator then conditions (a) and (b) in Proposition 7.2 determine whether S∗ is
ρ–inner or ρ–outer. Notice that if conditions (a) or (b) above hold, then S is
necessarily pure.

Example 7.3 (A non supercyclic operator). If S1 and S2 are hyponormal opera-
tors such that σ(S1) ⊆ {z : |z| ≤ 1} and σ(S2) ⊆ {z : |z| ≥ 1}, and S = S1 ⊕ S2,
then S∗ is not supercyclic.

For cohyponormal operators, Corollary 6.10 becomes necessary and sufficient.

Theorem 7.4. If S ∈ L(H) is a pure hyponormal operator, then S∗ is supercyclic
if and only if there exists a circle Γρ = {z : |z| = ρ}, ρ ≥ 0, such that either:

(a) For every nonzero x ∈ H, σS(x) intersects both Γρ and int Γρ, or
(b) For every nonzero x ∈ H, σS(x) intersects both Γρ and ext Γρ.

As in the hypercyclic case, the above result may be equivalently stated in terms
of parts of the spectrum of S.

Theorem 7.5. If S is a pure hyponormal operator, then S∗ is supercyclic if and
only if there exists a circle Γρ = {z : |z| = ρ}, ρ ≥ 0, such that either:

(a) For every hyperinvariant subspaceM of S, σ(S|M) intersects Γρ and int Γρ,
or

(b) For every hyperinvariant subspaceM of S, σ(S|M) intersects Γρ and ext Γρ.

Proof. Since σS(x) = σ(S|XS(K)) where K = σS(x), and since spectral subspaces
are hyperinvariant, the result follows.

One way to get a supercyclic operator is to take a multiple of a hypercyclic
operator, but, as mentioned in the introduction, there are supercyclic operators
that do not arise in this way. In order to distinguish between these, we shall say
that an operator is purely supercyclic if it is supercyclic with no normal summand
and no multiple of it is hypercyclic.

Corollary 7.6 (Characterizing the Purely Supercyclic Operators). If S is a hy-
ponormal operator, then a multiple of S∗ is hypercyclic if and only if S∗ is both
inner and outer with respect to a circle Γρ, ρ > 0.

Proof. If S∗ is both inner and outer with respect to Γρ, then 1
ρS∗ will be hypercyclic

by Theorem 4.3. Conversely, if αS∗ is hypercyclic, then S∗ is both ρ-inner and ρ-
outer where ρ = 1

|α| > 0.

Corollary 7.7 (Uniqueness of the Supercyclicity Circle). If S is a hyponormal op-
erator and S∗ is purely supercyclic, then S∗ has a unique supercyclicity circle.

Proof. If there are two supercyclicity circles, Γρ1 and Γρ2 with 0 ≤ ρ1 < ρ2, then
every part of the spectrum of S intersects both Γρ1 and Γρ2 . Now choose a ρ such
that ρ1 < ρ < ρ2. An application of Lemma 6.1 and the fact that every part of
σ(S) must intersect both Γρ1 and Γρ2 , imply that every part of σ(S) will intersect
Γρ, as well as the interior and exterior of Γρ. Thus, S∗ is both ρ-inner and ρ-outer,
and the previous result implies that a multiple of S∗ is hypercyclic, contrary to our
assumption.

Notice that if there exists a sequence of parts of the spectrum of S that have
diameters that tend to zero, then the supercyclicity circle will be unique. However,
it is not necessary for the diameters of the parts to go to zero for the supercyclicity
circle to be unique, see the examples in Section 8



16 NATHAN S. FELDMAN, VIVIEN GLASS MILLER, AND THOMAS L. MILLER

Corollary 7.8 (Direct Sums of Supercyclic Cohyponormal Operators). If {Sn} is
a bounded sequence of pure hyponormal operators such that for every n, S∗n is su-
percyclic, then

⊕
n S∗n is supercyclic if and only if there is a common supercyclicity

circle, Γρ, ρ ≥ 0, and S∗n is ρ-inner for every n or S∗n is ρ-outer for every n.

Proof. Let S =
⊕

n Sn. If S∗ is supercyclic, then a supercyclicity circle for S∗ will
be a supercyclicity circle for each S∗n. Similarly, if S∗ is ρ-inner (or ρ-outer), then
S∗n is ρ-inner (ρ-outer) for every n. Conversely, suppose Γρ, is a supercyclicity circle
for each S∗n and each S∗n is ρ-outer. We need to check that ifM is a hyperinvariant
subspace for S, then σ(S|M) intersects both Γρ and ext Γρ. However, since M
is hyperinvariant, it must be invariant under every coordinate projection. Thus
M =

⊕
nMn where Mn is a hyperinvariant subspace of Sn. Thus, σ(S|M) ⊇

σ(Sn|Mn
) for each n. So, if n is such thatMn 6= {0}, then by assumption σ(Sn|Mn

)
intersects both Γρ and extΓρ. Thus σ(S|M) also intersects both Γρ and extΓρ. So,
Theorem 7.5 implies that S∗ is supercyclic. If each S∗n is ρ-inner, then the proof is
similar.

One can easily form conditions for f(T ) to be supercyclic, given that T is su-
percyclic, as was done for hypercyclicity, here is a sample result for the case of
supercyclicity radius 0. Notice in this case, that almost any analytic function pre-
serves the supercyclicity.

Corollary 7.9. Let T be a cohyponormal operator. If T is supercyclic and has
supercyclicity radius 0, and f(z) is any function analytic on σ(T ) that satisfies
f(0) = 0, then f(T ) is also supercyclic.

Suppose that S is a hyponormal operator and S∗ is supercyclic, but S is not
pure. That is, S = T ⊕ N on H1 ⊕ H2 where T is a pure hyponormal operator
and N is a normal operator and H2 6= (0). Since S∗ is supercyclic it follows that
N must be supercyclic, and thus we must have that dimH2 = 1 (see [6]). Thus S
must have the form T ⊕λI1 where I1 is the identity operator on a one-dimensional
space. Also, λ must be nonzero, otherwise S∗ = T ∗ ⊕ λI1 would not have dense
range and thus could not be supercyclic.

Theorem 7.10 (Non pure Supercyclic Cohyponormal Operators). Suppose that S =
T ⊕ λI1 on H1 ⊕C where T is a pure hyponormal operator, λ ∈ C is nonzero, and
I1 is the identity operator on a one-dimensional space. Then S∗ is supercyclic if
and only if 1

λT ∗ is hypercyclic.

This is a special case of a more general result where T is not assumed to be
hyponormal, see [18].

8. Examples

Let Sn = Mz on L2
a(∆n) where {∆n : 1 ≤ n ≤ N}, N ∈ Z+ ∪ {∞}, is a

bounded collection of open disks with radii {rn}. If we let S =
⊕N

n=1 Sn, then S
is a pure subnormal operator. We shall consider various examples below where S∗

is or is not supercyclic depending on the arrangement of the disks. Recall that,
as in Example 4.6, the spectrum of Sn has only one part, and the parts of the
spectrum of S are of the form cl

[⋃
k ∆nk

]
. Hence when verifying the conditions

in Theorem 7.5, it suffices to check that each disk ∆n intersects the circle in the
appropriate manner.
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Example 8.1. If N <∞ and S∗ is supercyclic, then S∗ has more than one super-
cyclicity circle. Thus a multiple of S∗ is hypercyclic (so S∗ is not purely supercyclic).

Example 8.2 (An inner (outer) purely supercyclic operator). If N =∞ and each
disk ∆n is internally (externally) tangent to the unit circle and the radii rn → 0 as
n→∞, then S∗ is an inner (outer) purely supercyclic operator with supercyclicity
radius one.

Example 8.3 (A purely supercyclic operator with supercyclicity radius zero). If 0 ∈
cl ∆n for all n and a subsequence of the radii rnk

→ 0 as k →∞, then S∗ is purely
supercyclic (necessarily outer) with supercyclicity radius zero.

Example 8.4 (Another Purely Supercyclic Example). Here we show how to ar-
range the disks so that S∗ is a purely supercyclic operator, but each of the disks
have radius equal to one. In the previous examples, the operators were purely su-
percyclic because the radii of the disks tended to zero. For this example, keeping
the notation as above, simply let N = ∞, rn = 1 for every n ≥ 1, and if an is the
center of the disk ∆n, then let a1 = 2 and an = 1

n for n ≥ 2. Then S∗ is an outer
purely supercyclic operator with supercyclicity radius one.

Example 8.5 (General Examples with Supercyclicity Radius Zero).
(a) If S is a pure subnormal operator on H such that for every ε > 0 we have

that span{ker(S − λ)∗ : |λ| < ε} = H, then S∗ is supercyclic.
(b) If S = Mz on H ⊆ L2(µ) is pure, 0 ∈ supp(µ) and for all ε > 0 no non-zero

function in H vanishes µ-a.e. on {z : |z| < ε}, then S∗ is supercyclic.

Example 8.6. If H ⊆ L2(µ) is a closed subspace such that no non-zero function
in H vanishes on a set of positive µ measure and φ is non-constant multiplier of H,
then a multiple of M∗φ is hypercyclic. In particular, M∗φ is supercyclic.

Example 8.7. If S = U⊗A is a quasinormal operator (U is the unilateral shift, and
A is a one-to-one positive operator), then S∗ is supercyclic and any number ρ such
that 0 ≤ ρ ≤ inf{x : x ∈ σ(A)} is a supercyclicity radius for S∗. Furthermore, S∗

is hypercyclic if and only if the spectral measure for A is carried by {x ∈ R : x > 1}.
Thus a multiple of S∗ is hypercyclic if and only if A is invertible. So, S∗ is purely
supercyclic if and only if 0 ∈ σ(A).
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