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We stabilize unstable periodic orbits of a fast diode resonator driven at 10.1(édrzsponding to

a drive period under 100 phausing extended time-delay autosynchronization. Stabilization is
achieved by feedback of an error signal that is proportional to the difference between the value of
a state variable and an infinite series of values of the state variable delayed in time by integral
multiples of the period of the orbit. The technique is easy to implement electronically and it has an
all-optical counterpart that may be useful for stabilizing the dynamics of fast chaotic lasers. We
show that increasing the weights given to temporally distant states enlarges the domain of control
and reduces the sensitivity of the domain of control on the propagation delays in the feedback loop.
We determine the average time to obtain control as a function of the feedback gain and identify the
mechanisms that destabilize the system at the boundaries of the domain of control. A theoretical
stability analysis of a model of the diode resonator in the presence of time-delay feedback is in good
agreement with the experimental results for the size and shape of the domain of contt®97©
American Institute of Physic§S1054-150(07)00104-3

In this article we investigate a control scheme that is ef-
fective in suppressing deterministic chaos in fast dynami-

parameter. The strength and timing of the adjustments can
often be determined from algorithms that do not require de-

cal systems. It is desirable to devise such schemes becausetajiled models of the dynamics.

the presence of deterministic chaos in devices generally

degrades their performance in many applications. The
signatures of chaos include erratic, noise-like fluctuations
in the temporal evolution of the system variables, broad-
band features in the power spectrum, and the long-term
behavior of the system is extreme sensitivity to applica-
tions of small perturbations to the system variables. Re-
cent research has demonstrated that feedback control al-
gorithms that take advantage of the special properties of
chaotic systems are effective in controlling chaos. We re-
view several specific control schemes and present our
study of a continuous feedback scheme that is particu-
larly well-suited for controlling chaotic systems that fluc-
tuate on fast time scales. We present experimental results
of the control of a fast chaotic electronic circuit and find
good agreement with theoretical predictions.

I. INTRODUCTION

The key idea underlying the new class of control
schemes is to take advantage of the presence of unstable
steady statefUSSsg and unstable periodic orbit§JPOg of
the system(infinite in numbey.>? Figure 1 shows an ex-
ample of chaotic oscillations in which the presence of UPOs
is clearly evident with the appearance of nearly periodic os-
cillations during short intervals(This figure illustrates the
dynamical evolution of current flowing through an electronic
diode resonator circuit studied in detail belpwhe control
protocols attempt to stabilize one such UPly making
small adjustments to an accessible parameter when the sys-
tem is in a neighborhood of the stéte.

Several research groups have demonstrated control of
unstable states in a variety of physical, chemical, and bio-
logical system$.In most cases, as detailed in other articles
in this volume, the control protocol involves feedback based
on the difference between the present state of the system and
some externally generated reference signal representing the

In many cases of practical importance, instabilities anddynamics of the ideal unstable state. We focus instead on

chaos can seriously limit the performance of nonlinear dysystems for which such a comparison is impractical, due to
namical systems. Obvious strategies for obtaining stable beahe speed of the oscillations or other difficulties in construct-
havior are to redesign the entire system or integrate severaig the correct reference state. One example of a high-
sub-systems that cover the entire range of operating condirequency system in which matching to an external reference
tions, but these options may not be possible or appropriates difficult is the diode resonator circuit studied in this paper.

for the application due to cost or space considerations, foA second example of significant technological importance
example. An alternate method for obtaining stable behaviothat clearly falls into this category are the semiconductor
is to use control techniques that suppress the instabilitiedasers used in state-of-the-art optical devites.

Recently, researchers in the nonlinear dynamics community We recently reported a new technique for stabilizing

have demonstrated that such control can be achieved ByPOs in low-dimensional dynamical systems that allows for

making only small adjustments to some accessible systerwontrol over a large domain of parameters and is well suited
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FIG. 2. Building blocks of a feedback scheme for controlling chaos.
FIG. 1. Temporal evolution of a chaotic electronic circuit. The vertical axis
V(t) measures the voltage drop across & 5@sistor and is proportional to
the current in the circuit. The system ergodically visits the unstable periodiiode resonator. Section V summarizes our experimental
orbits embedded with the chaotic attractor, three of which are indicated. . . . .
findings, and in Sec. VI we make concluding remarks and
look to the future.

for practical implementation in fast systefh&Ve refer to
this scheme as ‘extended time-delay auto-synchronization] cONTROLLING CHAOS USING SMALL
(ETDAS): It uses a continuous feedback loop that attemptPERTURBATIONS
to synchronize the system with its own past behavior rather
than an external reference. It is based on a scheme first pu@‘—'
lished by Pyragdsthat involves the comparison of the Techniques for stabilizing unstable states in nonlinear
present value of a state variable with its value one period oflynamical systems using small perturbations fall into two
the UPO in the past, but extends that approach to includgeneral categories: Feedback and non-feedback schemes. In
information from further in the past in a way that is easy tonon-feedbackopen-loop schemes!!? an orbit similar to
implement either electronically or optically. The efficacy of the desired unstable state is entrained by adjusting an acces-
ETDAS was demonstrated by stabilizing the dynamics of asible system parameter about its nominal value by a weak
chaotic diode resonator driven at 10 Mitz drive period of  periodic signal, usually in the form of a continuous sinu-
100 n3.2 Since our report, Bleich and Socolar have devel-soidal modulation. This is somewhat simpler than feedback
oped a general mathematical technique for determining thechemes because it does not require real-time measurement
stability of a nonlinear dynamical system in the presence obf the state of the system and processing of a feedback sig-
ETDAS feedback® nal. Unfortunately, period modulation fails in many cases to
In this paper we present a detailed account of the experientrain the UPQits success or failure is highly dependent on
mental work discussed in our previous report and comparéhe specific form of the dynamical syst&in
the experimental results with a theoretical analysis of a The possibility that chaos and instabilities can be con-
model of the controlled diode resonator. In the next sectiontrolled efficiently using feedbackclosed loop schemes to
we review previously developed techniques for controllingstabilize UPOs was suggested by Ott, Grebogi, and Yorke
chaos and highlight the issues that arise when attemptingDGY) in 1990%* The basic building blocks of a generic
to control fast dynamical systems. In Sec. lll, we describefeedback scheme consists of the chaotic system that is to be
ETDAS in detail and outline the general theoretical methodcontrolled, a device to sense the dynamical state of the sys-
for determining the stability of a dynamical system in thetem, a processor to generate the feedback signal, and an ac-
presence of time-delayed feedback. Section IV describesiator that adjusts the accessible system parameter, as shown
various implementations of ETDAS including an all-optical schematically in Fig. 2.
scheme for controlling the dynamics of fast optical systems In their original conceptualization of the control scheme,
and the specific electronic implementation for controlling theOGY suggested the use of discrete proportional feedback

Brief historical review
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because of its simplicity and the fact that the control paramsons. One important issue in high-speed feedback control of
eters can be determined straightforwardly from experimentathaotic systems is the latency through the control loop, that
observations. In this particular form of feedback control, theis, the timet, between the sensing of the state of the system

state of the system is sensed and adjustments are made to #r&l the application of the control signal. The latency of the

accessible system parameter as the system passes througtoatrol loop is affected by the propagation speed of the sig-

surface of section. The size of the adjustments is propomals through the components of the loop and the processing
tional to the difference between the current and desired statdgne of the feedback signal. An additional important issue is

of the system. Specifically, consider a system whose dynanthat it is difficult to accurately sample the state of the system

ics on a surface of section is governed by m@imensional at discrete times in order to compare it with the reference

mapz . 1=F(z,p;), wherez is its location on theéth pierc-  value and to rapidly adjust the control parameter on a time-

ing of the surface ang; is the value of an externally acces- scale comparable to the response time of the system.

sible control parameter that can be adjusted about a nominal Continuous feedback schemes avoid or reduce many of
value p. Feedback control of the desired UReharacterized these problems and hence may be useful for controlling high-
by the locationz, (B of its piercing through the sectipiis speed chaos. An obvious extension of the original OGY sug-

achieved by adjusting the accessible parameter by an amoufgstion for controlling UPOs is to use continuous adjustment
Sp;=p;— p=—yn-[z—2,(p)] on each piercing of the of the accessible system parameter by an amount

. o . — Sp(t)=— yn-[x(t) —x, (1)], wherex(t) is the system tra-
se.ct|on where; is in a, SmaA” .ne|ghbc?rhood' afk(p),'where jectory, x, (t) is the trajectory of the UPO im-dimensional
v is the feedback gain am is am-dimensional unit vector

s ) phase space, angl is a constant feedback galR® This
that is directed along the measurement directiofihe loca- scheme is not amenable for controlling the dynamics of high-

tion of the unstable fixed-poir, (p) must be known before  gpeed systems, however, because it is difficult to accurately
control is initiated; it can be determined from experimentalgetermine, store, and regeneraggt).
observations of; in the absence ofAcontrol. The feedback Several researchers have suggested that unstable steady
gain y and the measurement directiomecessary to obtain states can be stabilized in high-speed systems using a class of
control is determined from the local linear dynamics of thecontinuous feedback techniques that do not require rapid
system about, (p) using the standard techniques of modernswitching or sampling, nor do they require a reference signal
control engineering;'® and it is chosen so that the adjust- corresponding to the desired orbit. The USSs of a fdserd
mentsédp; force the system onto the local stable manifold ofan electronic circufft have been stabilized using continuous
the fixed point on the next piercing of the section. Successivadjustment of the system parameter by an amount
iterates then collapse tn, (p). It is important to note that dop(t)=—yn-[dx(t)/dt], often called derivative control
dp; vanishes when the system is stabilized; the control onlythese authors did not stress the high-speed capabilities of
has to counteract the destabilizing effects of noise. this control scheme Note thatsp(t) vanishes when the sys-
Ditto et all’ demonstrated the practicality of this tech- tem is stabilized to the USS and no explicit knowledge of the
nique by using it to control the dynamics of a chaotic mag-USS is required to implement control. The feedback gain
netoelastic ribbon. They reconstructed the map using a timey is determined from the local linear dynamics of the system
delay embedding of a time series of a single variable and@bout the USS using the standard techniques of modern con-
found that the discrete feedback control scheme is easy f@ol engineering, or it can be determined empirically in ex-
implement, robust to noise, and rather insensitive to impreperiments.
cise knowledge of, (p) andy. Soon thereafter, Hutitand As first suggested by Pyragaghe UPOs of a dynamical
Peng, Petrov, and Showalt®found that control can be ob- System can be controlled using continuous feedback de-
tained by occasionally delivering brief perturbations ;igneccjj 'Ifo s;&nchropize ';h'e Cll;rrehthstﬁte _of thc? Isystem e}nd a
Y Y _ time-delayed version of itself, with the time delay equal to
?p_' A, z»y[iln d% (( Tp)) ]ii) (;'i;sat:;epslizt:}z:;s:zie;’u\:ggﬁ one period of the desired orbit. Specifically, UPOs of period
1 1 I H . .
7. Carr and Schwart?? have considered delays angas 7 can be stabilized by continuous adjustment of the acces-

-~ i sible parameter by an amount

control parameters. Oftery, n, ¢, , and 7; are determined
empirically by adjusting their values to obtain controlled be-  §p(t)=—y[&(t)— &(t—7)], 1)
havior. Note again thafp; vanishes when the UPO is con-
trolled successfully. In the ensuing years, several discretahere y is the feedback gaing(t)=n-x(t), andn is the
feedback control schemes that refine the original OGY conmeasurement direction. We refer to this method of control as
cept have been devised and applied to experimental systerftine-delay autosynchronizatio(TDAS). Note thatsp(t)
with natural frequencies ranging from 19to 10° Hz2 vanishes when the system is on the UPO sif(¢g= &(t— 7)
for all t. This control scheme has been demonstrated experi-
mentally in electronic circuifs'?® operating at frequencies of
10 MHz, and in lower frequency systems such as an elec-

Scaling these schemes to significantly higher frequentronic circuit?’ a fiber lasef® a glow dischargé® a
cies, such as that encountered in high-speed electronic @nagneto-elastic ribboif, and a periodically driven yttrium
optical systems, for example, is challenging for several reairon garnet film®! In addition, TDAS has been demonstrated

B. Controlling chaos in fast dynamical systems
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theoretically to be effective for stabilizing the dynamics of a =0+ 6p(t

. . 3 p=p-+dp(t),

tunable semiconductor oscillatét, neuronal networks:

lasers?*® and pattern forming systeni8.The main draw- where the ETDAS feedback signap(t) [given by Eq.(2)]
back to TDAS is that it is not effective at controlling highly is included as a perturbation to the parameteFor simplic-

unstable orbit$® ity, we consider the case where the latency of the control
loop can be ignoredt(=0).

. EXTENDED TIME-DELAY Following Ref. 10 we co_nsilder gmall perturbations

AUTOSYNCHRONIZATION y(t) =x(t) =X, (t) about ar-periodic orbitx, (t). The dy-

A The ETDAS feedback scheme gfeméc(:)své):ntehdeb[;erturbatlons in a neighborhood of the orbit
Recently, three of dsintroduced a generalization of

TDAS that is capable of extending the domain of effective
control significantly’ and is easy to implement in high-speed
systems. Stabilization of UPOs of periadis achieved by
feedback of an error signal that is proportional to the differ-
ence between the value of a state variable and an infinite
series of values of the state variable delayed in time by inte-

gral multiples ofr. Specifically, ETDAS prescribes the con- WhereJ(x, (t))=df/dx|y_,p is the Jacobian of the uncon-

y(t)=J(t)-y(t)— yM(t)-[y(t)—(l—R)

xkgl Rk—ly(t—kT)}, 4

tinuous adjustment of the system parameter by trolled system andM(x*(t))z(af/ap|x*(t);)®ﬁ is an
o mXxm dyadic that contains all information about how the
Sp(t)y=—ry g(t)—(l—R)E Rk—lg(t—kf)} 2) control is applied to the system and how small changgs in
k=1 affect it. The general solution to E¢4) can be decomposed

where —1<R<1 regulates the weight of information from into a sum of periodic functiongmode$ with exponential

the past® As we will motivate in Sec. Ill C and see in Sec. €nvelopes. The growth of an exponential envelope in a pe-
V C, highly unstable orbits can be stabilizedRs-1. The fiod 7is quantified by its Floquet multipligz. which can be
caseR=0 corresponds to TDAS, the scheme introduced byfound from the modified eigenvalue equation

Pyragas. We emphasize that, for anR, sp(t) vanishes
when the UPO is stabilized sinagt—kr)=¢£(t) for all t eprT<J(t)—y ——M(t)
andk, so there is no power dissipated in the feedback loop 0 1-u 'R
whenever ETDAS is successful. Note that no property of the 5
UPO must be known in advance except its period. In periy pere the time-ordered product notati®h- - -] represents
odically driven systems, where the period of the orbit is de-

. L the operator which advancegt) forward in time by an
termined ffom the d.r|\./|ng, no features of the UPQ need EVehmount equal te, andl is the identity matrix. In general, the
be determined explicitly.

L ; . . time-ordered product cannot be obtained analytically, al-
In some situations it may be impossible to produce

. . athough it can be found using numerical technigues. To sim-
feedback signal that faithfully reproduces the form of E2). plify our discussion, we denote the left-hand-side of &,
due to the latency of the control loop. As a rough guideline,

) i by g(x~1). We note thag has an infinite number of roots,
the Iaten_cy becomes an issue when the tlmet}aghro_ugh_ corresponding to the infinite number of modes introduced by
the loop is comparable to or larger than the correlation t'me[he time delay
of the chaotic system which is approximately equaktd, An UPO is linearly stable under ETDAS control for a
whereN is the largestlocal) positive Lyapunov exponent of

. ! o iven set of parameters if and only if all the Floquet multi-
the desired UPO in the absence of control. Under condmonglv ns par s I and only 1 qu Ui

1-pt

,uflT =0,

o

hen the lat . tant. th tual adiust s of th liers lie inside the unit circle in the complex plane, that is, if
when fhe fatency 1S important, the actual adjustments o u|<1 for all u satisfying Eq.(5). Equivalently, the system
system parameter is given @p,ciual(t) = op(t—t,).

is stable if and only ifg has no roots on the unit disk since
g(x~1) has no poles on the unit disk. The number of roots
B. Linear stability analysis of ETDAS feedback control of g(x 1) on the unit disk can be determined by counting

The control parameterg andR can be determined em- (he number of timesy(z) winds around the origin ag
pirically in an experiment or by performing a linear stability traverses the unit circle. A necessary and sufficient condition

analysis of the system in the presence of ETDAS feedbacf" linear stability of the UPO in the presence of ETDAS
A — . Co feedback control is that this winding number vanish.

control for fixedn and p. Such an analysis can yield impor- In a tvoical situation. the choice of accessible system

tant information about the possible effects of control on a yp i Y

system, such as identifying the orbits that may be controIIedﬁqagzsn:ﬁ;%'pisa?:;z;ggr%%?rr] %f syrs]ti?;;ar:?nb;?sl,etgz;tncdanrgs_
and the rangeif any) of feedback gain needed to achieve ' y phy P P P

i . . tical considerations. Thus, one wishes to map out the domain
control for a particulaRR. Briefly, the analysis proceeds by . )
- ) of values ofy andR for which ETDAS is successful for a
considering a system described by

_ given p and n over some range of values of a bifurcation
x(t)=f(x(t),t;p), (3 parameter. In principlel(t) andM(t) can be estimated from
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FIG. 3. Transfer fu‘nctilomT(‘f)| of ETDAS feedback. The dashed lineisfor £ic 4 one possible implementation of ETDAS feedback. The setup gen-

R=0 and the solid line is forR=0.65. Note that notches &(f, =q erates the feedback signép(t) by combining the measured state variable

(9=0.1,2...) arenarrower forR=0.65. of the systemé(t) with an infinite series of values of the state variable
delayed in time by integral multiples of the periedof the desired UPO.

The dashed box contains the components that generate the infinite delayed
experimental data. This may not be practical, however, espgeries. This delayed_ serie§ is subtrac_(wnt P from the current value of
cially in high-speed systems. It is therefore important tc.the s;{sﬁtem state variab(point B), amplified, then converted to the feedback
compare theoretical predictions and experimental observa-> P
tions for simple systems in which accurate model equations
are available so as to reveal qualitative features that shouldequenciegvia the notchesso thatdp(f)=0. The ETDAS
be kept in mind when trying to find a stable regime in a lessfeedback is more effective in stabilizing UPOs for larger
well characterized system. We note that an approximate stgartly because it is more sensitive to frequencies that could
bility analysis of Eq.(3) has been undertaken recenty. potentially destabilize the UPO. The narrower notches imply
that more feedback is generated for signals with frequency
components slightly different from the desired set. In addi-

. _ . - _ ~tion, |T(f)| is flatter and remains near one between the
While the time-domain stability analysis outlined potches for largeR, so the system is less likely to be desta-
above gives a complete picture of ETDAS feedback in a&jlized by a large feedback response at these intermediate
neighborhood of the UPO, a frequency-domain analysigrequencies.
helps clarify the underlying reasons for its effectiveness \ye note that other transfer functions that possess
in stabilizing highly unstable orbits &8—1. Note that the  notches at multiples of, could stabilize the dynamics of the
ETDAS feedback signal given by E(Q) linearly relates the  ypo: however, Eq(6) is easy to implement experimentally.
input signal&(t) with the output signabp(t); hencesp(f)

=—yT(f)&(f), whereé(f) and Sp(f) are the Fourier am- IV. IMPLEMENTATION OF ETDAS
plitudes of the input and output signals, respectively, and

A. General implementation
l—expi2wf7) )
m, (6) _ETDAS feedbagk control_ of UPOs can be implemented

straightforwardly using a variety of techniques, even on fast
is the transfer function for ETDAS feedback. The transfertime-scales. One possible logical design of the feedback loop
function ‘filters’ the observed state of the dynamical systemjs shown schematically in Fig. 4. We assume for the moment
characterized by(f), to produce the necessary feedbackthat the components impart negligible propagation delays on
signal. the various signalgexcept, of course, for the intentional de-

Figure 3 shows the frequency dependencé¢Tdf)| for  lay 7 necessary to form the ETDAS feedback signdhe

R=0 (TDAS) and R=0.65 (ETDAS) where it is seen that dynamical state of the systeéft) is converted to a voltage
there are a series of notches that drop to zero at multiples of(t) by a transducer. The power of this signal is split equally
the characteristic frequency of the orbjt= 7! and that the ~ between two different path@oint A); half of the signal is
notches become narrower for larger The existence of the directed to one input poifpoint B) of a voltage subtraction
notches in the transfer function can be understood easily bgievice and is related to the first term on the right-hand-side
considering thavp(t), and henceSp(f), must vanish when of Eq. (2); the other half is directed to one input pgpoint
the UPO is stabilized. Recall that the spectrg(f) of the  C) of a voltage addition device forming part of the group of
system when it is on the UPO consists, in general, of a seriesomponentgdashed bokgenerating the delay terms in Eq.
of &-functions at multiples of the characteristic frequency of(2). The signal in the latter path emerges from the addition
the orbit f, =71; therefore, the filter must remove these device, propagates through a variable delay line with the

C. Frequency domain analysis of ETDAS feedback

T(H=
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delay time set equal to the period of the desired UPO attenuator - - - - - - - - - _ _ .
(point D), is attenuated by an amouRf and is injected into or

the second portpoint E) of the addition device where it is optical amplifier , . mirror
combined with the original signal. A high-impedance buffer e E. (t % : S N
senses the voltage signal at the output of the delay(finet &ty o By (1)

D). The signal emerging from the buffer is attenuated by > >

(1—-R), injected into the second pdipoint F) of the voltage
subtraction device, and represents the second term on th §p(t) « E (1)

1
]
)
right-hand-side of Eq(2). The signal emerging from the <€ < : <
subtraction devicdépoint G) is proportional to the ETDAS )
error signal; it is amplified and injected into a transducer that 5 ! % Q %
adjusts the accessible control parameterspyt). We note « : T
that all of the operations performed by the components be € e e e e e e e e e - '

tween the input and output transducers could be accom
plished entirely with a digital computer equipped with

analog-to-digital and digital-to-analog converters, if the dy-
Y 9 9 9 y FIG. 5. All-optical implementation of ETDAS feedback using a Fabry-Perot

namics of mteregt were slow enOUQh- . interferometer consisting of two mirrors with amplitude reflection coeffi-
We emphasize that the unavoidable propagation delaygentr separated by a distance such that the round-trip-time of light in the

through components must be thoroughly characterized in angavity is equal to the period of the desired UPO. An optical attenuator or

real implementation of ETDAS. As described in Sec. IV C,amplifier adjusted the feedback gajn

small additional time delays must be added to the feedback

system and adjustments must be made to compensate for the

Fabry-Perot interferometer

time delays inherent in the components. (affecting the fidelity of the feedback sigha@nd noise, with
the simplicity of the layout, ease of construction, and price.
B. All-optical implementation No transducers are required in this design because the acces-

One useful feature of ETDAS feedback is the ability sible system parameter, denoted\ml)', and control param-
eter, denoted by s,(t), are voltage signals.

to generate the eror signal using an al-optical tech- The electrical signals propagate through the circuit in a
; 8,34,35,40, o H

nigueX>*>>**Specifically, the form of the ETDAS error sig- : e . . .
a P y g fashion similar to that described in Sec. IV A for the generic

nal given by Eq(2) is identical to an equation that describes . ) o S
the reflection of light from a Fabry-Perot interferométer implementation of ETDAS; point¢A-F) in Fig. 6 for the

consisting of two equal-reflectivity mirrors, whefe=r? specific implement_ati.on correqund to the same points .in
corresponds to the square of ampIitude—reflection-coefficier{t:'g' 4tf°Lthe ggne':r_|c wgp_lerrentatmn. 3}”? gtgr(])algifthe CII‘CL!It
r of the mirrors, andr corresponds to the round-trip transit- ayou st_owrt1. n 'fg'. ISI ? ensure aG’ € dlAereB?e n
time of light in the cavity. In one possible scenario, the inputprcg:)"’lglfl 'Og, Ime 0 s||gtnas rgrtr;] pct>_| f %n E_>D’
transducer shown in Fig. 4 generates a laser beam of fief[d -~ 2 1S €qual tor andhe time fromb— £~

strengthE; .(t) that is directed toward an optical attenuator ET[I)D AI\SS also equalltc_Jl_Thlln tordkgr to faTh fut"yd [t))ro;dhuce the
or amplifier(controlling y) and a Fabry-Perot interferometer error signal. 1his task 1s complicated by the honzero

as shown in Fig. 5. The fiel&,.¢(t) reflected by the inter- propagation delays through the electronic component_s.
ferometer passes through the attenuator/amplifier and is con- In dogr Ia;r/](_)ur:, _the chessg) I? ;&/Sterg tﬁaramM@) IS
verted to the ETDAS error signdp(t) by the output trans- Sensed by a hign-impedance uft8d) and the power asso-
ducer. It may be possible to control fast dynamics of opticalc'ated W'Fh this signal is spl|t-equal_ly bgtween two dn‘ferent
systems that generate directly a laser beam, such as semicé)rﬁths(gomth)' I—_|a|f of the S|gnal_ IS d|recteq tolthe |r;_pf).ut
ductor diode lasers, using the field generated by the IaseraE oint B) of an inverting, summing operational amplifier

the measured system paramegét) and as the accessible 1) anq the c_)ther half ‘? directeq _to the inp(ppint C.) of a
system parametefp(t); no transducers are requir%a“'%"‘o second inverting, summing amplifieéh2) where it is filtered
’ ' with predistortion circuitry(F1). The signal emerging from

A2 propagates through a long, variable delay lib&) with a
delay time set close to, but less than, the pertodf the
o desired UPO, is inverted and amplifigd3) by a fixed
1. Electronic circuit layout amount to compensate for the average loss of the delay line,
We control the dynamics of a fast chaotic electronic cir-passes through a short variable delay liB&), attenuated to
cuit known as a diode resonator, described in the next seset the control paramet&, and directed to the inpuypoint
tion, using an analog-electronic implementation of ETDASE) of Al where it is filtered with predistortion circuitr§F2).
as shown schematically in Fig. 6. The implementation at-The signal emerging from the long delay ligoint D) is
tempts to mimic as closely as possible the generic desigeensed with a noninverting amplifiéA4), passes through a
described in Sec. IV A. It balances considerations of the fishort variable delay lin€D3, pointF), and is directed to the
nite propagation time of the signals through the componentsput of the summing amplifieAl where it is attenuated by
(affecting the control-loop latengydistortion of the signals a factor equal to (+ R) by adjustingP1. The signal emerg-

C. Specific implementation for controlling the fast
diode resonator
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FIG. 6. Specific implementation of the ETDAS feedback circuitry for controlling the dynamics of a high-speed diode resonator. Thét$ighabmbined

with an infinite series of previous values delayed by multiples of the orbital peridie dashed box marked ‘dc offset control’ compensates for small offsets
introduced by the circuitryAl— A4 are operational amplifier&1 is a high-impedance buffer, afil—D3 are delay lines. The dashed bo¥es andF2
contain predistortion filters; their components depend on the particular choice of delaypdab®omponent values are: For stabilizing the period-1 UPO,
L1=0.33uH, L2=0.33uH, R7=1500, R8=402(), R9=100() , R10=825Q; for the period-4 UPOL.1=1.0 uH, L2=1.0 uH, R7=1500Q, R8=590

0, R9=100 2, R10=1540(). Other component values ar€1=0.1 uF, L3=3.3 uH, P1=5 k), P2=1 k), R1=50 (), R2=100 (), R3=715Q,
R4=499(Q, R5=357(), R6=255() , R11=1400), R12=324(), R13=59 (), R14=53.6 (), R15=215(), andR16=1 k().

ing from Al (point G) is proportional to the ETDAS error passing through the other components forming the infinite
signal; it is directed to additional amplifiers to set the feed-series of time-delay terms is not as important because they

back gainy and injected into the diode resonator. can be compensated using a slightly shorter coaxial cable
(D1). We select the AD9620Analog Devices? propagation

(Analog Devices, propagation delay3 ns, bandwidth 160

minimizing the control-loop latenct, . The latency must be MHZ.) for Albecause they have short propagation delays, are
relatively easy to use, and are low cost. In the other parts of

much less than-100 ns to control the diode resonator de- A ) .
he circuit where propagation delays are not as important

scribed in the next section based on our estimate of the vaf—A2 A lect the ADSL loq Devi i
ues of the conditional Lyapunov exponents characteriziné -Ad), we select the 1Analog Devices, propagation

the UPOs. In this proof-of-principle investigation of ETDAS, delay ~6 ns, bandwidth _140 MHzbecause its stability is
we select commercially available, inexpensive operational€SS Sensitive to the precise layout of the components. Note

amplifiers and buffers which add very little to yet are easy that the bandwidth qf all components is signi.ficantly larger
to obtain and incorporate into the design. For our choice ofhan the characteristic frequency of the chaotic systonl
componentst,~10 ns. Smaller latencies may be possibIeMHZ): thereby minimizing the distortion of the ETDAS
using custom-built microwave circuitry; we do not explore feedback signal. Operational amplifiers and buffers with
this option. similar or better specifications should produce similar re-
The control-loop latency is governed by the time it takessults.
for the signal to propagate from the input to the output of the ~ Due to the high bandwidth of these devices, we use stan-
ETDAS following the pathA—B— G since the portion of dard high-frequency analog electronic techniques. The com-
the signal atG should be proportional ideally to the input ponents are laid out on a home-made, double-sided printed
signal (with no time lag. Propagation delays of the signal circuit board in which the signal traces form a transmission

One primary issue in designing the ETDAS circuitry is
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line (nominal impedance 50!) and are kept under 2 cm, the propagation time ob1, and a constant-impedance ad-
proper ground planes are maintained under all componentg)stable delay line(Hewlett-Packard model 874-LK16P)
and PC board mounted SMA jacks are used to transfer thior ultra-fine adjustment oD1; a short variable delay line
signals from the board to coaxial cables. The printed circuiD2 consisting of another adjustable delay line and coaxial
boards are fabricated in a multi-step process: We create @ables(type RG-58/0) whose length is just long enough to
graphical layout of the traces using a simple drawing pro-connect this variable delay line to the printed circuit board,;
gram on a personal computer; the drawing is printed on @&nd a short, fixed delay linB3.
‘transfer film’ with a laser printef? the traces are transferred Initial adjustment of the timing is achieved by injecting a
to the clean, bare copper surface of the board; the plastiweak sinusoidal voltage whose period is equat-tat point
backing of the transfer film is removed; the board is etchedA. The first step is to adjust the circuitry for TDAS feedback
using a hot ammonium persulfate solution; holes are drilledR=0), that is, to set the path difference betwe&n-B
for the leads of the components; and the components are:G’ andA—D—F— G’ to 7 with the circulating loop tem-
soldered to the board. The power supply leads to all operggorarily disabled by disconnecting the attenudiay Elem-
tional amplifiers are bypassed with ceramic and tantalum caetrics model 1/839 manual step attenu&orThe lengthD1
pacitors as close as possible to the power supply pins, and set so that the sinusoidal signal at pdints delayed by
ferrite beads isolate the power supply lines between compane period from the signal at poiBt The amplitude of the
nents. The dc offset voltage of the amplifiers is compensatedelayed signal is adjusted so that the signal at the output of
at the last stage of the circuitrpoint G') by adding a dc the ETDAS circuitry(point G) is minimized using the vari-
voltage to the signal from a filtered, adjustable power supplyable resistorPl; iterating this procedure while monitoring
as shown in Fig. 6. All signals routed between the ETDASthe signal aiG results in precise adjustment Dfl. Next, the
and other circuit boards propagate though shor)5€oaxial  circulating loop is reconnected with the attenuator set so that
cables(type RG-58/V). R~0.1. The delayD2 and the variable resistd?1 are ad-
Another primary issue in the implementation of ETDAS justed to minimize the signal &. Sensitive adjustment of
feedback is minimizing the distortioffrequency-dependent D2 is achieved by decreasing the attenuation so Rhatl
attenuation and phase shifif signals propagating through and iterating the setting dP2 and P1. Typically, the 10.1
the coaxial delay line that sets the time delayPrevious MHz sinusoidal input signal is suppressed at p@riy ~50
implementations of TDAS have used for the delay line adB at 10.1 MHz.
variable length transmission liffeglectro-optic delay liné® Note that our procedure results in a ETDAS feedback
or digital first-in-first-out delay devic&, Distortion is diffi-  signal Vs,(t)=Vie(t—t,), where Vige?\(t) is the ideal
cult to avoid for the high-period UPOs because the delay lindeedback signal in the absence of control-loop latency, and
is long, and for the case when the feedback paranketedl  t, is the latency with contributions from the total time lag of
since the signals circulates many times through the delathe signal as it propagates from the diode resonator, through
line. To minimize the distortion, we use low-loss, semi-rigid the ETDAS circuitry and additional amplifiers setting the
50 Q) coaxial cableg(1/4 in. HELIAX type FSJ1-50&%. We  feedback gainy, and the summing amplifier that injects the
find that this delay line gives superior performance in com-feedback signal into the diode resonator.
parison to standard coaxial cablype RG-58/U). The at- Adjusting the feedback paramefito any desired value
tenuation characteristics of the HELIAX cable is 0.175 dB/is straightforward once the timing of the circuit is achieved.
100 ft. at 1 MHz and 1.27 dB/100 ft. at 50 MHz which A new value ofR is selected by setting the attenuator and
should be compared to 0.33 dB/100 ft. at 1 MHz and 3.15adjusting the variable resistd?1 which sets the value of
dB/100 ft. at 50 MHz for the RG-58/U cable. (1-R) in Eq. (2).

3. Adjustment of circuit parameters

The final preparation step for controlling the dynamics 4 Compensating for nonideal circuit behavior
of the chaotic system using ETDAS feedback is to adjust the

time delay r and the feedback parametBr We note that We characterize the quality of the ETDAS circuitry by
setting 7 requires adjusting the propagation time of signalsmeasuring its frequency-domain transfer functidgf)| (re-
following two different paths. Referring to Fig. 6, the differ- call the ideal shape ofT(f)| shown in Fig. 3. Figure 7
ence in time it takes for signals to propagate frém+B  shows|T(f)| for 7=400 ns corresponding to a fundamental
—G' and fromA—D—F—G'must be equal ta. In addi-  frequencyf, =2.5 MHz (for controlling the period-4 UPO
tion, the propagation time around the delay Id@p—~E— D’ of the diode resonatporR=0 (dashed ling and R=0.65
—D) must also equat. Note that these times include the (solid line) where we adjust the circuit parameters so that the
propagation time through all components: The coaxial cablenotch at 10 MHz is as close to zero as possible. We optimize
the amplifiers and attenuators, and the signal traces and cotie circuit for operation at 10.1 MHz, rather than 2.5 MHz
nectors. The timing can be achieved straightforwardly usindecause the spectrum of the period-4 orbit has a large peak at
three coaxial delay lines: A long delay lii#l consisting of  10.1 MHz. It is seen that all other notches have a transmis-
a HELIAX cable whose propagation time is close to but lesssion less than 0.047 foR=0.65 and less than 0.017 for
than 7, a short coaxial cabléype RG-58/U for fine tuning R=0. The agreement between the observed and predicted
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Vo(t)= high-speed signal
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FIG. 9. The high-speed diode resonator. The series-connected rectifier di-
ode, inductor, and resistor are driven by a leveled sinusoidal voltg(¢.

0 2 4 6 8 10 12 14 16 The signal conditioner/combiner isolates the driver from the circuit, and
injects the feedback voltag¥ s,(t) into the diode resonator. A high-
f (MHZ) impedance buffer measur®§t), which is proportional to the current flow-

ing in the resonator.

FIG. 7. Experimentally determined transfer function of the ETDAS circuitry
shown in Fig. 6 forR=0 (dashed ling R=0.65(solid line), and7=400 ns

(f, =2.5 MH2) where we make minor adjustments of the circuit parameters

to optimize the notch at 10.1 MHz. It is seen that the perfor-
mance of the device is severely degraded, especially for

behavior is very good, especially when one considers that thfzo'GS' We note that acceptable behavior of the ETDAS

sensitivity of the shape of the notches on the distortion of th egdback .C'rcu'try withr= 400. andR=0.65 can not be ob-
delay line increases @& —1. amed usmg.stan'dard. coaxial cabligpe RG-58/U even
We find that these high-quality results are only possibIeW'th the predistortion filters.

when the signals are filtered with predistortion circuithi
andF2) that attempt to cancel the small distortion caused b
the HELIAX cable. The filters, consisting of two resistors
and an inductor, do not significantly effect the signals at lowA. The fast diode resonator
frequencies and boost their amplitude a high frequencies in a

V. CONTROLLING CHAOS IN A FAST DIODE
yRESONATOR USING ETDAS

bling bifurcations, hysteresis, intermittency, and crisis; it is
easy to build and customize; and it is well characterized on
slow time-scale8’~>* The low-speed diode resonator typi-

T T . . . T . cally consists of an inductor and a diode connected in series,
driven by a sinusoidal voltage.

The high-speed variation of the diode resonator, shown
schematically in Fig. 9, has additional components needed to
implement high-speed control. It consists of a rectifier diode
(type 1N4007, hand-selected for low junction capacitamnte
series with a 25:H inductor(series DC resistance of 2(3)
and a resistoR;=50 () driven by a leveled sinusoidal volt-
age Vy(t)=Vpsin(et) (w/27=10.1 MH2 that passes
through a high-speed signal conditiori0 () output imped-
ance. The resistorR, converts the current flowing through
the diode resonatdthe measured dynamical variaplato a
voltage V(t) which is sensed by a high-impedance buffer

: (Analog Devices AD9620, propagation delayl ng. The
0 2 4 6 8 10 12 14 16 signal conditioner consists of a high-speed inverting ampli-
£ (MHz) fier (Analog Devices AD9618, propagation delay3 ng

and serves two purposes: It isolates the sine-wave generator
(Tektronix model 33252 from the diode resonator and it

FIG. 8. Transfer function of the ETDAS circuity shown in Fig. 6 with the : . . . . .
predistortion filters removed foR=0 (dashed ling R=0.65 (solid line), combines the sinusoidal drive signé(t) with the ETDAS

and7=400 ns §, =2.5 MHz). The fact that the notches do not drop to zero feedback signaV s(t) . The C_Ompon_entS are |ai(_j OUt_On a
indicates the uncompensated distortion of the long delay line. home-made, double-sided printed circuit board in which the

(/)
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FIG. 10. Bifurcation diagrams of the diode resonator: Peak voltgges a
function of the drive amplitud&/,. () Experimental data(b) Numerical
simulations.

FIG. 11. First return maps of the unperturbed diode resonator above and
below the period-3 window. Experimental maf® V,=2.2 V and (b)
V,=3.6 V are in good agreement with numerically simulated meps
Vo=2.2 V and(d) V;=3.6 V.

traces are kept under 2 cm, proper ground planes are main-
tained under all components, and the signals entering dow (V,=2.2 V) and above Y,=3.6 V) the period-3 win-
leaving the board pass from the traces to coaxial cablegow are shown in Figs. 14) and(b), respectively. The gen-
through PC board mounted SMA jacks. A high-impedanceeral structure of these maps are similar to observed in low-
buffer (Analog Devices AD962Dis also included to monitor frequency diode resonatotrs.
the ETDAS feedback signal. We find that it is crucial to Considering the complexity associated with predicting
incorporate the current-to-voltage convertdre 500 resis-  theoretically the stability of the high-speed diode resonator
tor) into the architecture of the chaotic oscillator to minimize in the presence of ETDAS feedback based solely on experi-
the latency of the loop; we believe that incorporating somemental measurements, we use a simple model of the resona-
components of the feedback loop into the chaotic systenfor that captures the essence of its behavior. The model, de-
must be considered when attempting to control any highscribed briefly in the Appendix, treats the real components of
speed dynamics. the resonator as collections of ideal components in a fashion
We record a bifurcation diagram and first-return maps tosimilar to that used in commercially available electronic
characterize the dynamics of the uncontrolled diode resonaimulation software packages. All parameters of the model
tor using the sinusoidal drive amplitud as the bifurcation  are determined by independent measurements of the compo-
parameter. In the experiments, we capture multipipically  nents. We find very good agreement between the experimen-
threg 40-us-long time-series data df(t) using a 100 MHz,  tally observed and numerically generated bifurcation dia-
8-bit digitizing oscilloscope(Tektronix model 2221Aand  grams[Fig. 10b)] and first-return mapgFigs. 11a) and(b)].
determine the maxima o¥(t), denoted byV,, using a |t is seen that all features observed in the experiment are
second-order numerical interpolation routine. The bifurcapredicted by the model; however, there is a slight discrep-
tion diagram[Fig. 10@] is generated by plotting approxi- ancy in the location of the periodic windows and in the size
mately 300 values o¥,, for each value oW as it is varied  of V/,,. As we will see in Sec. V F, this model is adequate to

from small to larger valueghysteresis in the system is evi- predict with good accuracy the stability of the controlled
dent whenV, is varied from the largest to smaller values of resonator.

Vo, but it is not shown in this diagram for clarjtylt dis-
plays a typical period-doubling cascade to chaos where th
transition to chaos occurs &,=1.5 V. Also evident are a
narrow period-5 periodic window aty,=1.8 V and a large Our procedure for achieving control of the high-speed
period-3 window starting &fo=2.4 V. The first-return maps diode resonator using ETDAS is to: set the delay-timée
are generated by plotting, vs.V, . for fixed values o/ . feedback parametdR, and optimize the feedback circuitry
The experimentally observed chaotic maps of the system beff-line as described in Sec. IV C 3; connect the ETDAS

S. Experimental observation of control
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FIG. 12. Time series data and first return maps illustrating successful
ETDAS control. Temporal evolutiosolid lines, scale on lefof the stabi-  FIG. 13. Experimental domains of control as a function of the drive ampli-
lized (a) period-1 UPO ¢=6.2, R=0.28) and(b) period-4 UPO (=4.2, tudeV,, for period-1 and period-4 UPOs for two different valuesRofThe
R=0.26) along with their associated ETDAS error signdlg(t) (dashed  shaded regions illustrate period-1 domains of control Rer0 (a) and
lines, scale on right expressed as a fraction of the drive amplitude. Similar R=0.68(b), and period-4 domains of control f&=0 (c) andR=0.65(d).
data in the form of a first return map for the controlled period-1 (y=4.4, The dashed vertical lines mark the points at which the orbit becomes stable
R=0) and(d) period-4 (y=3.1, R=0.26) trajectories are highlighted by in the absence of feedback.
the dark concentrations of points indicated by arrows. These maps are su-
perimposed on maps of the uncontrolled chaotic resonator.(&e(d),
Vo=2.4V.

imperfect reproduction of the form of the ETDAS feedback

signal by our circuitry. This effect is more prevalent for the
circuitry to the diode resonator using short coaxial cablesP€ri0d-4 setup because the delay line is longer and hence

and search for control while adjusting the feedback gain Causes more distortion of the signals due' to the dispersion
Control is successful whe¥i(t) is periodic with the desired 2nd frequency-dependent loss of the coaxial cable.

period 7 and the magnitude of the feedback sigWg), drops Figures 12c) and (d) presents further evidence that the
below a level set b}*T(f)| (the transmission of the worst ETDAS feedback indeed stabilizes the UPOs embedded

notch and the noise level in the system. In principiés, within the strange attractor of the diode re;onator. We show
vanishes in an ideal situation. In practice, noise and nonided'® réturn maps for the uncontrolled systeight dots and
behavior of the ETDAS circuitrysee Sec. IV Cplead toa  the controlled systertdark dots indicated by arrowéor the
nonzero value oV s,(t). Our criterion for control is that stabilized period-1 orbifFig. 12c), R=0, andy=4.4] and
|V5p(t)|<5><10‘3V0, or that 20logls(1)|/Vo)<—46 dB. the period-4 Qrb|t[F|g. 12d), R=0.2_6, andy.=3..1] for
We verify that the controlled orbits are indeed UPOs of theVo=2-4 V. It is clear that the stabilized orbits lie on the
chaotic system to within the experimental uncertainty wher!nP€rturbed map, indicating that they are periodic orbits in-
this criterion is fulfilled by comparing the return maps of the €Ml to the dynamics of the uncontrolled system.
controlled and uncontrolled systems. We note that periodic
states that are not UPOs of the system can be obtained under Domain of control
different experimental conditions; in this case the feedback™
signal is large(of the order ofVy). We find that these UPOs can be stabilized using a wide
Figures 12a) and (b) show the temporal evolution of range of feedback parameters which can be visualized
V(t) when the ETDAS feedback circuitry is adjusted to sta-quickly from a plot of the ‘domain of control.” The domain
bilize the period-1 and period-4 UPOs, respectively, togetheof control is mapped out by determining the range of values
with the associated feedback signal. The sinusoidal drive anof the feedback gair that successfully stabilizes an UPO as
plitude is 2.4 V(the system resides in the chaotic regime justa function of the bifurcation paramet®y, for various values
below the period-3 window in the absence of contrmhd  of the feedback paramet®: In general, increasing the feed-
the feedback parameters aye=6.2, R=0.28 for the stabi- back parameteR tends to enlarge the domain of control and
lized period-1 orbit andy=4.2, R=0.26 for the period-4 shift it to slightly larger values ofy. We find that the
orbit. It is seen that the feedback signal is a small fraction operiod-1 orbit can be stabilized using ETDAS feedback for
the drive amplitude €2x 10 2 for both cases The slight  all V, whenR=0 andR=0.68 as seen in Figs. (& and(b),
increase inV 5, (t) for the period-4 orbit is mainly due to respectively. It is clear that the range pfthat successfully
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stabilizes the orbit for a given value &, increases signifi- 300 — . _ ,

cantly for R=0.68 in comparison tdR=0, especially for J periog-2 (@ f (b)

larger values ol . 200 | Loy behavior | | & i
The largeness and shape of the domain of control is im- j\; . 'I‘.

portant for several practical reasons. Since the domain it 100 L 1.7 1 r |

large, the system is rather insensitive to drift in the feedback ,.Jf: ek

parameters or the state of the chaotic system, and control ca Ir |r

be obtained even with imprecisa,priori knowledge of the € 0 '

proper feedback parameters. Also, the ETDAS feedback cal > 300 - T - \ T ——

automatically track changes W, over its entire range with- . neafe:'f’d'z () | 4 nearperiod-2 (d)

out adjustingy because the shape of the domain is a wide, 200 | ’,{.‘-“""-'-" il 1 {“"’ ——

horizontal band. TR e e —
Increasing the size of the feedback param&egives 100 _'_f'. - - T S g

rise to more dramatic effects on the domain of control when R EL R R =

stabilizing the period-4 orbit, as shown in Figs(d3and(d). oLl . . . . L . .

It is seen that TDAS feedbaclRE& 0) fails for moderate and 0 5 100 150 200 O 50 100 150 200

larger values of the bifurcation parameter. The domain of n

control can be extended to include the entire ragéofising
R=0.65, illustrating the superiority of ETDAS for control- FIG. 14. Transient behavior of the diode resonator following initiation of
ling highly unstable orbits. Also, the size and shape of the='DAS control. The dots represent the peak valgsf V(1). The dashed

. ) vertical line marks the point at which control is initiated. Convergence to a
domain of control for this case has all of the advantage_gomro”ed period-1 UPO fov,= 1.9 V, R=0.68,(a) y=5.2 and(b) y=7.0.

mentioned in the previous paragraph for the period-1 domaim addition, we show two approaches to the period-4 UPOVgr1.9 V,
of control. R=0.26, (c) y=6.1 and(d) y=2.6. Note that the transients have brief
sections of decaying periodic behavior.

D. Transient behavior
_ latory fashion to the desired UPO. In the other ciSi.

. We find that thg .period—l' gpd'period-4 UPOs Sho‘_’\m N1 4(d)], the system passes through intervals of period-2 and
E|g. 12 can be stabilized by |n|t|at|ng control at an arb'”aryperiod-m behavior before converging to the period-4 UPO.
time; we do not have to wait for the system to naturally  j5 not surprising that the system resides near a period orbit
approach the neighborhood of the UPO nor target the systefi, 4 period longer than the desired UPO since the ETDAS
to the UPO before control is initiated. Such control is poS-teedhack cannot distinguish between the two different be-
sible for several reasons: The system is particularly simple i,5,iors However, the low-period behavior is not stable for
that there is only one period-1 and one period-4 UPO; thg, times since the ETDAS feedback is not sensitive to and
basin of attraction of these UPOs in the presence of ETDAQyqeg not correct for noise and fluctuations that destabilize

feedback is large; and we apply large perturbatiovig,(t) this undesired low-period orbit.
is comparable td/4(t)] to the system during the transient

phase.

The dynamics during the initial transient can be quite
rich; the nature of the convergence of the system to the UPO  While the transient dynamics are quite rich near the
is a function of the precise state of the system when contrdboundary of the domain of control, ETDAS feedback stabi-
is initiated and the value of the control parameters. When thézes rapidly the desired UPO over most of the domain. Fig-
control parameters are adjust such that the system is near, bhute 15 shows the average tinig) to obtain control of the
within, the domain of control, the system often displays briefperiod-1 UPO from an arbitrary starting time as a function of
intervals of periodic behavior other than the desired behaviothe feedback gair for Vy=1.9 V andR=0 [Fig. 15a)] and
during the transient phase. Figures(d4and (b) are two R=0.68[Fig. 15b)]. The hashed region indicates the range
examples of the approach to the period-1 UPOWgr=1.9  of y over which stable period-1 behavior is not observed.
V, R=0.68, andy=5.2(a) or y=7.0(b), where we plot the The data points represent the average of 20 trials and the
peak valueV, of V(t) as a function of the peak numbar error bars indicate the standard deviation of the times to ob-
(control is initiated nean=0). In one cas¢Fig. 14a)], an  tain control. It is seen thdt,) is less than 3«s and typically
initial chaotic transient gives way to a period-2 behavior thatless than 1us (10 orbital periods except near the edge of
decays exponentially to the desired UPO. In the se¢bigl  the domain of control wher&,) grows rapidly. In addition,
14(b)], an initial chaotic transient abruptly switches to con-it is seen that the range over which rapid control is obtained
trolled behavior. increases significantly by increasii®) to 0.68. This high-

Richer transient dynamics is observed when stabilizindights one of the advantages of ETDAS feedback control
the period-4 UPO, as shown in Figs. (&84 and (d) for  over TDAS feedback. Figures (@ and (d) show similar
Vo=1.9 V, R=0.26, andy=6.1(c) or y=2.6 (d). In one  data for the period-4 UPO. We note tR&t) should increase
case[Fig. 14c)], we observe a brief interval of period-2 rapidly near the edges of the domain of control for this UPO
behavior that eventually destabilizes and decays in an oscilas it does in the period-1 cgsén our experiment, however,

E. Average time to attain control
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FIG. 15. Average transient timég ) as functions of feedback gainfor the

period-1 orbit withVy=1.9 V and R=0 (a8 and R=0.68 (b), and the FIG. 16. Comparison of experimental and theoretical domains of control.

period-4 transient times fovy=1.9 V andR=0 (c) andR=0.65(d). The We compare period-1 domaia and(b) atR=0.68, and period-4 domains

error bars indicate the standard deviation(gfy and the hashed regions (c) and(d) atR=0.65. The vertical dashed line marks the point at which the

indicate the range of for which control is not obtained. orbit becomes unstable in the absence of feedback. Note that the theoreti-
cally predicted domains assurhe=0.

limited precision iny makes it impossible to get sufficiently
close to the low-gain boundary to detect the rapid increasesis predicts that values of the feedback parametdarger
than 1000 will give rise to successful control. Somewhat
F. Theoretical analysis closer agreeme_nt betyveen the obser_ved and predicted do-
main of control is obtained for the period-4 orbR+€ 0.65)

We find that the experimentally measured domains ofs shown in Figs. 16) and(d), respectively. Similar results
control can be predicted theoretically with good accuracyare obtained for other values of the control paramBter
using the techniques described in Sec. Ill B. Briefly, the pro-  we find that the discrepancy between the theoretically
cedure to determine the domain is'fo: predicted and experimentally observed domains of control is

* determine the trajectory of the desired UPO for onedue primarily to the control-loop latency (=10 ns for our
value of the bifurcation parametev, by analyzing the implementation of ETDAS To investigate the effects of ,
coupled nonlinear differential equations describing the dywe turn to direct numerical integration of the time-delay dif-
namics of the diode resonatfsee Eq(A4)]; ferential Eqs(2) and(A4). The equations are integrated us-

« choose the feedback parametemndR (note thanis  ing a fourth-order Adams-Bashforth-Moulton predictor-
set throughout the experiment by our choice of accessibleorrector scheme with a step size of 0.1 ns. Successful
system variable and control parameter control is indicated when the ETDAS error signal falls to the

« find the boundaries of the domain of contfdghe  machine precision in a time equal to 20,000 orbital periods.
points at which the winding number jumps from zero to aWe note that this procedure may underestimate the size of
positive integer, see E@5)] for one value of the bifurcation the domain of control when the convergence is slow. To set
parameterV, using standard numerical root-finding algo- the initial conditions for the time-delay differential equa-
rithms; tions, we integrate the equations without the time-delay

« follow the boundary by repeating this procedure forterms (equivalent to the diode resonator in the absence of
the other values of/. control, initially using a fourth-order Runge-Kutta algo-

Note that this analysis does not include the effects ofithm. We store variable values, derivatives, and calculated
control-loop latency. time-delay in arrays as we integrate; these values are needed

We compare the observeldFig. 16a)] and predicted for the predictor-corrector routine and to determiigy(t).
[Fig. 16b)] domain of control for the period-1 UPO when We switch to the predictor-corrector integrator after ten
R=0.68. It is seen that the theoretical analysis correctly preeycles of Runge-Kutta and add the control terms. We note
dicts the general horizontal banded shape of the domain arttiat despite the infinite series in E@), it is not required to
that the low-gain boundary of the domain is in good quanti-retain all past variable values to calculafg,(t); ETDAS
tative agreement with the experimental observations. Howean be expressed recursively, requiring only storage of the
ever, in contrast with the observations, the theoretical analyinformation from one past orbital cycfe.
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FIG. 17. Comparison of experimental and numerically simulated domains tl (ns)
of control. The numerical simulations include a control-loop lateney 10

ns. As in Fig. 16, we compare period-1 domaiiasand(b) atR=0.68, and £ 18 Effects of control-loop latendy: on the domain of control for the

period-4 domaingc) and(d) at R=0.65. The vertical lines again mark the eriod-1 UPO. Controlled regions are shown f47=1.9 V, (8 R=0 and
point at which the orbits become unstable in the absence of feedback. No?-b) R=0.68. The dashed vertical line gt=10 ns indicates the minimum

:E:t:gsclljlftssjon of control-loop latency improves the quantitative agreement o atency attainable with our implementation of ETDAS.

Figure 17 shows the experimenfaleriod-1, Fig. 17a); back parametel. It is also seen that the range ¢fthat
period-4, Fig. 17c)] and numerically predictedperiod-1, gives rise to control wheR=0 is much less than that when
Fig. 17b); period-4, Fig. 17d)] domains of control for the R=0.68, indicating that ETDAS is more effective than
UPOs witht,=10 ns andR=0.68 (period-1 and R=0.65 TDAS in the presence of a time-lag. Control is not possible
(period-4. It is seen that the agreement is improved, high-for t,>120 ns. For comparison, the correlatigmemory
lighting the fact that small control-loop latenciénly 10% time of the system is approximately *=140 ns, whera. is

of the orbital period for the period-1 UBQan shift the the largest conditional Lyapunov exponent characterizing the
domain of control. period-1 UPO in the absence of control. Hence, the correla-

tion time appears to be the relevant parameter with regards to
control-loop latency.

Similar results are obtained when stabilizing the

To illustrate the deleterious effects of large control-loopperiod-4 orbit as shown in Fig. 19, although control fails for
latency, we add an additional delay to the feedback signal bynuch smallett .. It is seen in Fig. 1@) that control is pos-
inserting various lengths of coaxial cablgype RG-58/)  sible only tot,=26 ns forR=0 andt, =70 ns forR=0.65
between the output of the ETDAS error generating circuitryin Fig. 19b). The correlation time for the period-4 UPO is
and the signal conditioning device at the input to the diodex ~ =250 ns. Also, the range of that gives rise to success-
resonator. In this casé\/ﬁp(t)zv'g’pea'(t—t/), where the ful control is much larger foR=0.65. The fact that ETDAS
time-lagt, includes the latency of the ETDAS circuit(f0  feedback extends significantly the rartgein comparison to
ns) as well as that incurred by the coaxial cable. By intro-that achievable by TDAS suggests that ETDAS may be ef-
ducing the additional time-lag, we mimic the situation in fective in controlling the dynamics of systems that fluctuate
which slower electronic components are used in the ETDASN the nanosecond or even sub-nanosecond scale for which
circuitry. relatively smallt, may be difficult to achieve.

Figure 18 shows the range of that gives rise to suc- In contrast to the behavior observed for the period-1 or-
cessful control of the period-1 UPO as a functiont pffor bit, we find no islands of stability fory<<O at the longer
Vy=1.9 V, andR=0 [Fig. 18a)] andR=0.68[Fig. 18b)].  time-lags. We do find, however, a small region where the
For both cases, it is seen that increadipgauses the range orbit is stabilized intermittently aroundl,=107—117 ns
of v to decrease until control is unattainable when the timewhenR=0.65. The system alternates irregularly between in-
lag is approximately one-half of (100 ng. Stabilization of tervals of ‘noisy’ period-4 behavior and intervals of chaotic
the orbit is possible for larger values bf as a new region of behavior. The indicated region of Fig. (1 is the where the
control appears, although with the opposite sign of the feedsystem resides near the period-4 orbit for at least 10% of the

G. Effects of control-loop latency
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o 10 - ] FIG. 21. First return maps illustrating the dynamics of the system outside of
b - R = 0.65 the domain of control(a) The system displays period-2 behavishown by
5 B the two dark sets of points indicated by arrowghen the feedback gain is
oo 1 too weak (y=2.5). These dots do not fall on the attractor of the unperturbed
0 . system(lighter dots, indicating the stabilized orbit is not a true UPO of the
Lo J original system(b) The system undergoes quasi-periodic dynanidsich
5F ¢ intermitten a appear as the dark oval centered on the period-1 fixed )pehmn y is too
Lo termitiency o | large (y=17.5). System parameters arg=1.9 V andR=0.
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t, (ns) the domain of control to serve as a guide when attempting to
¢ control the dynamics of new systems. We explore the range
of different behaviors by adjusting the feedback gaiwhile
FIG. 19. Effects of control-loop latendy on the domain of control for the fixing the other control parameters \d=1.9 V, 7=100 ns
period-4 UPO. Controlled regions are shown ¥y=1.9 V, (8 R=0 and gy _ _ ; e
(b) R=0.65. Note the region of intermittency far<0 at larget, in (b). (period-1 UPO contrg) R=0, andt,= 10 ns(its minimum
The dashed vertical line indicates the minimum latency of our circuitry. value. FOI_’ these pgrgmeters, _the range of successfgl C.ontrOI
of the period-1 orbit is approximately 3.44y<<16.9. Simi-
lar behaviors can be obtained by fixingand adjusting a
time on average. Under some conditions, the systems refifferent parameter or when attempting to control longer-
mains near the UPO for16 ms, corresponding to 40,000 period orbits.
orbital periods. Figure 20 shows examples of the dynamical As y increases from zero to the lower boundary of the
evolution of the peakd/, of V(t) during this intermittent domain of control ¢~ 3.14), the system goes from the cha-
behavior. It is seen that the orbit can lose stability abruptlyotic state to the desired period-1 UPO through an inverse
[Fig. 20@)], or through a transition to other periodic behav- period-doubling cascade. Figure (81 compares the return
iors [Fig. 2Qb)]. We emphasize that these transitions do notmap of the system without ETDAS feedbagikht collection
result from a change in the feedback level, but occur sponef pointg and with feedbackdark collection of points indi-

taneously in the system. cated by arrowsfor y=2.5. It is seen that the system with
feedback displays period-2 behavior that is not part of the

H. Dynamics of the system outside the domain of original chaotic attractor since the points do not fall on the

control chaotic return map. The error signdl,(t) is large in this
case.

We find it instructive to investigate the dynamics of the

diode resonator in the presence of ETDAS feedback outsidszv We find that the system displays quasi-periodic behavior

hen the feedback gain is larger than the higher boundary of
the domain of control ¥ ~16.9). Figure 2(b) shows the
: return maps of the system with and without feedback for
300-@ .. . 1 Lo R v=17.5 where it is seen that the points fall on an oval cen-
AR SRR A A tered on the location of the period-1 fixed point. The tempo-
200 Fot N . AR ral evolution ofV(t) displays oscillations around 10.1 MHz
T S " o whose amplitude is modulated by low-frequeneyd MHz)
Fommrele, N e 4] oscillations. For large values of, the low-frequency oscil-
. . L . lations become more pronounced and the oval-shaped return
0 50 100 150 200 O 50 100 150 200 map Increases In size.
A more sensitive technique for investigating the dynam-
n ics close to the boundary of the domain of control is to

_ o , _ perform a spectral analysis &f(t). Figure 22a) shows the
FIG. 20. Evolution of peak valueg, of V(t) showing intermittent chaotic

bursts away from period-4 UPO %= 1.9 V andR=0.65.(a) A short burst spectrum of the S|gnaV(f) ,for Y= 3.1, Just OUtSI(_je the
with y=7.4 andt,=116 ns.(b) Transition to a burst through periodic lower boundary of the do_mam of control. Clearly eV|d?nt are
behavior withy=6.8 andt, =112 ns. spectral features at multiples of 5 MHthe subharmonic of

Vv, (mV)

100
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FIG. 22. Power spectra o¥(t) outside the domain of control for the
period-1 UPO.(a) The spectrum has features at multiples of 5 MHz, indi-

cating period-2 dynamics when the feedback gain is too weak3.1). (b) Real Diode resonator
The spectrum displays sidebands displaced by 2 MHz, indicating low- diode made of
frequency modulation of the fundamental frequency when the feedback gail resonator ideal components

is too strong (y=17.2). System parameters arg=1.9 V andR=0.

FIG. 23. Real and idealized diode resonator. The rectifier diode is consid-
ered to be made up of an ideal dio@tescribed by the Shockley formuila
parallel with two voltage-dependent capacitances.

the fundamental frequengyindicating period-2 behavior.

Note that subharmonic peaks a0 dB below the peaks of

the fundamental frequency. Figure(B2shows the spectrum  he fyndamental frequency selected by the feedback is sig-

for y=17.2, just above the upper boundary of the domain ofyiicantly greater than the fluctuations present in the
control. Sidebands about the fundamental spectral feature§ stenp®

displaced by~2 MHz appear in the spectrum, indicating the
low-frequency modulation of the fundamental frequency.
Note that these frequencies appear where the ETDAS feedh\CKNOWLEDGMENTS
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Continuous feedback is a technique well-suited to con-
trolling fast systems. Rather than generating a feedback th%
attempts to synchronize the system to an ideal reference
state, we use in this experiment the ETDAS technique that To compare our experimental findings with theory, we
continuously synchronizes the system to many cycles of itglescribe the dynamics of the diode resonator by a set of
own past behavior. We stabilize period-1 and period-4 orbitgoupled nonlinear differential equations delineated by New-
of a diode resonator driven at 10.1 MHz, and demonstratell et al>’ This model is well suited for rectifier diodes, such
that the feedback signal becomes on the order of the noisas the type 1N4007 in our resonator. Other types of diodes
level in the system when control is successful. are more accurately described by different mod&ts?

We show that control of the system is possible in previ-  The model treats the real circuit as a collection of ideal
ously uncontrollable areas of parameter space by increasinggmponents as shown schematically in Fig. 23. The resistor
the parameteR, which corresponds to using more informa- R, and the inductol. accounts for the total reactance and
tion from further in the past. Increasiri® also broadens the inductance of the circuit, respectively. The rectifier diode
range of feedback gains that effect control for a given driveconsists of the parallel combination of: An ideal diode whose
strength. We also consider the time-fggon the effective- voltage-to-current characteristics is described by the Shock-
ness of the control, and demonstrate that control is possibley formula
at large time lags, particularly for larger valueskof

Given the optical analog of ETDAS, the next step in this la=IlexpeVy/aksT) —1], (A1)
work may be control in fast optical systems. A Fabry-Perotwhere V4 is the voltage drop across the diodg, is the
cavity may be able to stabilize the GHz frequency instabili-reverse-bias curreng/kgT is the thermal voltage, and
ties in semiconductor lasers subjected to weak strayccounts for carrier recombination in the depletion zone; a
reflections3+%53"Also, a version of ETDAS may be useful voltage-dependent capacit@; accounting for the junction
for controlling unstable steady states in dynamical systems i€apacitance whose form is given by

VI. CONCLUSIONS

PPENDIX A: A MODEL OF THE DIODE RESONATOR
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