RANDOM ITERATION IN P*
JOHN ERIK FORNASS AND BRENDAN WEICKERT

AsTrRACT. We develop a pluripotential theory for random iteration on P¥,
We show the existence of a positive closed (1, 1) current and of a measure on
P* which are invariant, in a certain sense, and which attract all positive closed
(1,1) currents and all measures, respectively, under normalized pull-back and
averaging by the maps. Thus the concept of an exceptional set disappears
as soon as we allow a slight amount of randomness in our system. We also
consider the problem of push-forward of measures, and describe certain limiting
measures in this case also, supported near the attractors for the perturbed map.

1. INTRODUCTION

In this paper we consider a dynamical system formed by perturbations of a
holomorphic map fo : P¥ — Pk, Tt is known that for 0 < i < k there exists
an invariant, closed, positive, current of bidegree (i,4) on P*  which attracts most
closed, positive bidegree (i,%) currents under the operation of normalized pullback
by fo. Explaining what is meant by “most” in this sentence gives rise to the study
of the so-called exceptional set of fy. See for example [3], [9]. The success of
this theory results from the fact that fy is generically many-to-one, so that the
operation of normalized pull-back has a good chance of stabilizing to something
which is independent of the initial current. Since points only have one forward
image, however, the operation of pushing forward converges to something which is
highly dependent on the initial current.

In sections two and three of this paper, we consider an average pull-back of
closed, positive (1,1) currents and of (k, k) currents (or measures), respectively, over
a certain family of perturbations of fy. We show that there exists a unique limit
current in each case, with no exceptional set. Moreover these limit currents converge
to their usual counterparts for the single map fo as the family of perturbations
degenerates to fo. In section four, we give a fuller description of the limit (1,1)
current in terms of normality. In section five, we consider average push-forwards
of measures (a special case of a diffusion; see [8] and [4]), and show that the limit
measures obtained in this case are supported near the attractors for f;. We give
some quantitative description of these limit measures.

Let

{fx}reB(0.5)
be a family of holomorphic maps of degree d > 1 on P* varying holomorphically in
the parameter A € B(0,8) C C*F. We also assume that the maps A — f5(z) are finite
(i.e., finite-to-one) and hence open. Occasionally we will use the notation f(, z) for
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fa(z). Shrinking § if necessary, we may assume that 0f /90X is uniformly bounded
in B(0,68) x P*, and thus shrinking & further, we may assume that for each z € P¥,
f(-,2)(B(0,0)) is relatively compact in some copy of C¥ C P*¥. We will denote by
fx a holomorphic family of homogeneous liftings of the fy to B(0,8) x Ck+1.

Let v be normalized Lebesgue measure on B(0,d); then

Vi=UXVUX- - XUX...

is a probability measure on

X =m2,B(0,9).
We give X the product topology. Note that open sets in X then have positive
measure with respect to 7. Given A := (A1, A2,...) € X and X € B(0,6), define

M = ()\,)\1,)\2,...) € X.

For A = (A1, As,...), set
Fyn= /.00 [
Let FA,n denote homogeneous polynomial lifts f,\" o---0f; of F\ p, respectively,
to CF+1\ {0}.
2. CONVERGENCE OF POSITIVE, CLOSED (1,1) CURRENTS
For each A € X, define G,,(A,-) : CF*! — R by

1 -
G"(A7 z) = d_" IOg |FA,H(Z)|a
and let
G =1limG,.

Since the maps fA are homogeneous, there is a constant C' independent of A such
that

11" < Ifa(2)] < Clal
Thus
SIFA @ < [Py ()] < ClFa ()
Taking logarithms, we get

logC
IGni1(A, 2) — Gn(A, 2)| < d§+l :
Thus 9 log O
0
|Gn+q(A7z) - Gn(Aaz)l S dnil .

So G,, = G uniformly. Thus G is plurisubharmonic and continuous in X x Ck+1.
More precisely, let f; : A — B(0,5), ¢ : A — C¥! be holomorphic on the
uniut disc A, then G((f;(z2)), #(z)) is a continuous subharmonic function on A. Let
Gpr = G(4A,-). Clearly each Gy satisfies

Ga(cz) =loglcl + Ga(2)
for ¢ € C, and )
Gpro fa=d- -Gy,
where A’ = MA.

It follows from Theorem 5.9 of [3] that there exists a unique positive closed (1,1)
current T in P, of total mass one, such that 7*T = dd°G where 7 : C**+1\{0} —
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P* is the canonical projection. Locally, if s is a holomorphic section of 7, we have
Ty = dd°(Gp o s). Ty depends continuously on A in the weak topology of currents,
since Gp o s and G o s are locally uniformly close if A and A’ are close in the
topology on X . Furthermore, by the Chern-Levine-Nirenberg (CLN) estimate ([2]),
T'A puts no mass on locally pluripolar sets, since it has a locally bounded potential
G os.

Now, define

EG(z) = /X Ga(2)dT(A).

Proposition 1. EG is plurisubharmonic and continuous on CF1\ {0}.

Proof. Given z € CF1\ {0}, let A be any small linear disk centered at z. Since
each G satisfies the sub-mean value property, we have

EG(z):/XGA(z)

1
S/XM 8AGA(C)

1
MEN aA/XGA“)

1
" ToaT Jus P

where we have applied Fubini’s Theorem to obtain the second-to-last equality. This
is justified, since G is continuous in X x (C*¥*+1\ {0}), so that if V is an open set
in R, G~1(V) is open and hence clearly measurable with respect to 7 x m. Thus
EG is plurisubharmonic. To obtain the continuity, note that if z, — z, then

Amwﬁﬂww

by the Lebesgue convergence theorem. O

Note that EG satisfies EG(cz) = log|c| + EG(z) for ¢ € C\ {0}. Let T be the
unique positive closed (1,1) current on P¥ satisfying 7*T = dd°(EG) (see Theorem
5.9, [3]). Again T has mass one, and puts no mass on locally pluripolar sets, since
it has a locally bounded potential.

In general, given a current Sy on P* varying continuously with A € X and with
uniformly bounded mass, we define the current [, Sy by

</ SA,¢>:/ < Sp, 0 > do.
X X

Note that, if f is a submersion and ¢ a test form,

<f*/XsA,¢>:=</XSA,f*¢>
= [ <snte>
Z/X<f*SA,¢>
—< [ £sn.0>,
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so f* and [ commute.

Proposition 2.

T:/ Th.
X

Proof. Since we may work locally, let ¢ be a test form with support contained in
an open set where a section s of 7 is defined. Then

<T,p>=<dd°(EGos),¢ >
=< EG o s,dd°¢p >

:/ < Gpos,dd°¢ >
X

:/ < dd°(Gpos),¢ >
X

:/ < TA,¢ >
b'e
=< / Tr, 0> .
b's
|
Proposition 3.
/ BG o fr(2)dv(\) = d- EG(2).
B(0,5)

Proof. We have

Gro fr=d G-
Integrating over A € X and then over A € B(0,6) gives the result. O

Proposition 4.

/ AT =d-T.
B(0,8)

Remark. Since fy is not a submersion, we must take care in defining (f))*S, S a
positive, closed, (1,1) current. If 7*S = ddu, define (f\)*S by

T (H)*S =dd°(uo f).
This agrees with calculated value of pullback when f) is a submersion, since then

T (f)*S = (/) 7*S
= (fi)*dd°u
=dd°(uo fy).
Proof. It suffices to work locally. Let ¢ be a test form with support in an open set
where a local section s of 7 is defined. Then

(/)T = dd°(EG o fy 0 s),
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and

<[ rres=[ <arEGofions>
B(0,5) B(0,4)
=/ < EGo fyos,dd°¢ >
B(0,5)

=</ EGOons,ddc¢>
B(0,5)

=<d-EGos,dd°¢ >
=d<dd°(EGos),¢ >
=d<T,¢>.
O

Remark 1. Actually all of the observations so far hold if we replace B(0,4) with
any index set I, equipped with a probability measure and a topology so that
1. The maps fy vary continuously with A € I in the topology of uniform con-
vergence on compact sets
2. Open sets in I have positive measure.

Ezample 1. Let I ={0,1}, give I the discrete topology, and let v assign mass 1/2
to each point of I. Let fo([z : t]) = [2? : t?] and f1([z : t]) = [222,¢?]. Then

G = max(log[2~"2], log t]),

where
oo

r=r(A) = 3 0u/2).
i=1
In affine coordinates t = 1, supp Ty = {|z| = 2"™}, and the support of T is
the closed annulus {1 < |z| < 2}. This example was prompted by a question of
Shishikura.

From now on we will make use of the assumption, made in the introduction, that
I = B(0,6) C CF and X — fy(2) is a finite map for each z € P*.

Lemma 1. For each w € PF,
U:={fy"(w): X € B(0,8)}
is open in P¥.

Proof. Consider f : B(0,5) x P* — P* given by f(\,2) = fa(z). Let V = f~}(w).
Then V is a k—dimensional branched cover over B(0,d). Let m be the projection
from V to P¥. Note that U = n(V). Pick a 29 € U, € B(0,9), fr,(20) = w.
Since the map A — fi(zo) is finite, (Ao, 20) is an isolated point in V N {z = 20}.
Hence 7 is proper in a neighborhood of (Ag, 2g)- Since V' has dimension k, it follows
that z¢ € int U. O

Let S be a positive, closed, (1,1) current on P* with ||S|| = 1. Then, as above,
there is a plurisubharmonic function u on C*¥+! which satisfies the homogeneity
condition u(cz) = log|c| + u(z), ¢ € C\ {0}, such that 7*S = dd°u. Define the
operator © on the space of all such currents as follows. Let

o) =1 £S.
d JB(0,5)
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Then clearly ©(5) is again a positive, closed, (1,1) current with mass one, and thus
it has a plurisubharmonic potential u; satisfying the same homogeneity condition
as u. We wish to show that u; is locally bounded.

Lemma 2. Let S and O be as above. Then there is a locally bounded plurisubhar-
monic function u; on CFT1\ {0} satisfying ui(cz) = log|c| +ui(z), ¢ € C\ {0}
and

7*0(S) = dd°u;.

Proof. Let U C P* be an open set where a local section s of 7 is defined. Let ¢
be a test form supported in U. Let u be a potential for S. It is straightforward to
verify that then

1

ui(z) = = uo fr(z) dv()\)
d JB(0,s)

satisfies all of the conditions of the theorem except possibly the local boundedness.
This we now show. Since u1 is upper semicontinuous, it suffices to show that it is
locally bounded from below.

Since w is plurisubharmonic and f is holomorphic, their composition is plurisub-
harmonic or identically —oo in B(0,d) x C*¥+1\ {0}. Since f varies openly in ),
however, v := u o f(-, 2) is not identically —oco for any z. In particular, it is locally
integrable with respect to v, and hence finite at every point. (Recall that u o fis
defined on a slightly larger ball x CF*1\ {0}.)

Fix 20 € C*¥+1\ {0}, let U be a neighborhood of 2° small enough that f(B(0,§) x
7(U)) is relatively compact in some copy of C*¥ C P*, which we assume without
loss of generality to be {zp # 0}, where [2g : - - - : 23] are homogeneous coordinates
on P*. Then 2z o f(B(0,8) x U) is uniformly bounded away from 0 € C. Let

p: CHI\ {2 =0} = {2 =1} c CF!
(0r- -1 28) = (1, 21/ 20, - 5/ 20)-
Then po f is uniformly bounded in B(0,8) x U, (in fact even on a slightly larger
ball). The map po f(-,2°) : B(0,6) = C**' N {2 = 1} is finite. Hence we can find
a A% = \(2°) where po f(, ) has rank k and u(po f(A\°,2°)) > —oo. By the implicit
function theorem there exists a holomorphic map @ : V(%) — B(0, §) defined on a
small neighborhood V' C U of 2° such that po f(®(2),2) = po f(\°,2°).
By the subaveraging principle it follows that for some € > 0 and any z € V,

1
v(2(2),2) < B®(2), )] B0 v(A, 2)dm(X).
Since
v(®(2),2) = uof(2(2),2)

uo (200 f(2(2),2))(po f(2(2),2))]
log|z0 © f(®(2),2)| +u(p o f(X°,2°))

it follows that there exists a constant C so that

/ v(A, 2)dm(\) > —C
AEB(®(z),¢)
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forall z e V.

Since averages of plurisubharmonic functions increase with the radius of the ball,
we may replace the domain of integration above by B(®(z),d — |®(z)|). Shrinking
V if necessary, we may assume that

B(X%,(1/2)(6 - [X°])) € B(2(2),6 — |8(2)]

for all z € V. Note that u o f is uniformly bounded above on V x B(0,4), say by
K. Thus for any sets B' C B C B(0,9),

/ (A 2)dm(\) > —C
B

implies that
/ v\ 2)dm(y) > —C—K|B—B|
> —C—KI|B(0,5)|.

Thus

/ v(A, z)dm(X) > —C — K|B(0,0)|
B(X%,(1/2)(6—1A°]))

forall ze V.

Now, by alternately expanding this ball and taking sub-balls, we may replace
B(\°,(1/2)(6 — |\°])) with B(0,6) after a finite number of steps. Expanding leaves
our lower bound on the integral unchanged, while taking a sub-ball decreases it by
at most K|B(0,4)|. Thus we arrive after a finite number of steps at an estimate of
the form

/ wo f(\ z)dm(\) > —C'
AEB(0,5)
for all z € V. Since v = m/|B(0, §)|, we are done with the proof. O

Lemma 3. Let u be a locally bounded plurisubharmonic function in CFTL\ {0}
satisfying u(cz) = log|c| + u(z), ¢ € C\ {0}. Then for every A € X,

1 ~
d_"u 0o Fpn =Gy

locally uniformly as n — oo.

Proof. Let u, =uo FA,n/dn. Note that

1 FAn
Up = —u | —=—— | +Gn(A,;).
d (”FA,n”)

Since w is bounded on {||z|| = 1}, the first term on the right converges uniformly
to zero as n — oo. Thus

1 ~
d_nquA’n — G

uniformly on {||z|| = 1}, and hence by homogeneity on compact subsets of Ck+1\
{0}. O

Theorem 1. Let S be any positive, closed, (1,1) current on P* of mass 1. Then
©™(S) — T in the weak topology on currents as n — oo.
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Proof. We have
Fpon)*
o"(S) :/ (Fan)*S
B> A"

Since we may work locally, suppose that ¢ is a test form with support in an open
set U on which a section s of 7 is defined. Proving the convergence of the currents
is equivalent to showing that

<O™S),p>—=<T,¢>.

Replacing S by ©(S), we may assume that S has a locally bounded potential u, by
Lemma 2. Then
T (Fan)*S _ dd°(uo Fy )
dan N dn ’

so in the support of ¢
Fy .S _dd(uo F’A,n 0 38)

dn dr
Thus
Frn)*S
<@n(5),¢>:/ < Ean)S
B(0,0)" d
Fpp)*S
:/ < Fan)"S AC’;) L6 >
b'¢
dd®(uo Fy ,0s)
= _— 0 >
[ < Tt
uoFy,o0s
=/X<7dn L dd°¢ > .
Since for each A € X we have
quC‘;\TznOS —Gpros
uniformly in the support of s, by Lemma 3, we have
uoFynos .
gn(A) :=< T,dd ¢ >— g(A) ;=< Gy 05,dd°¢ >

pointwise in X. Also, since u satisfies the homogeneity property
u(cz) = log|e| + u(z),

it is clear that u, :=u o FA,n /d™ also satisfies
un(cz) =log |e| + un(2)

for each n, since FA’n is homogeneous of degree d”. Thus all currents have total
mass one (see Thm. 5.9, [3]), and so the functions g,, are bounded by 1-||¢||rr. We
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may thus apply the Lebesgue convergence theorem to conclude that

<®”(S),¢>:/Xgn—>/xg
:/X<ddC(GAos),¢>

=/ <Thr,p>
X

=</ TA,¢>
X
=<T,¢>.

Ezample 2. For A = (A1, A2) € B(0,6), § small, let
Az :w:t]) =[(z = Mt)? : (w — Aat)? : £7].

Let S be given by ©*S = dd°(log|z — t/2|). ©™(S) converges to a current T”,
invariant under ©, which is supported near the cylinder {|z| = 1} C P2. But
T' # T, since supp T contains a neighborhood of

supp To = {|w| = [t} U {lz| = [t} U {|w| = [2]}.
Thus S is an exceptional current in this example (as is, more obviously, the current

[(t = 0)]), a consequence of the fact that fy fails to vary openly in A at a single
point of supp S.

Remark 2. From the continuity of Ty in A, it is clear that if we take the limit of
T =T(d) as § — 0, we recover Ty, where 0 here denotes the sequence (0,0,...) € X.

3. CONVERGENCE OF MEASURES

Since G is locally bounded, the Monge-Ampere operator (dd®)* is well-defined
on it [1]. Define the measure pa, considered as a (k,k) current, on P* by the
equation

7 up = (dd°Gp)*.
Then puyp is locally defined by
pa = (dd°(Ga 0 9))",

which is independent of the choice of local section s.
For f a holomorphic map on P* of degree d > 2 and any continuous function ¢
on P* we may define
f@) = Y W),
yef~1(z)
where if z is a critical value we take into account the multiplicity. Then given a
measure v on P¥, we may define its pullback by

< f'v, 0 >=<v, fud > .

Therefore, in the special case of pulling back a current which is a measure, this
formula makes sense even when f is not a submersion. Let w be the standard
Kahler form on P*, with [, w* =1.
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Proposition 5.

*wk:

,n

b = Jim, =g

Proof. We have

T Wb Fy o mtwk
dkn = dkn
s (ddClog]lz[)"
=Fn—0

dkn

~ k
_ [ dd°log || Fp x|l
- o

= (dd°Ca(A, )"

By the CLN estimate, since Gj,(A,-) — Gj locally uniformly in C*¥+1\ {0}, we
have (dd°G(A,-))* = (dd°Gx)* as currents. O

Note also that, by the CLN estimate [2], ua puts no mass on locally pluripolar sets,
since G is locally bounded.

Proposition 6.
fipa =d pan.

Proof. On P¥\ f71(fr(Cy)), Cy the critical set of fy, fy is a submersion, and we
have

T fipa = fim*pa
= fX(dd°Gp)*
= (dd°(Ga o 1))
= d¥(dd°Gap)*
= d*7* pan.

Thus the result holds on P*\ £ '(f1(Cy)), and since p puts no mass on complex
curves for any A € X, it holds everywhere. O

Define pu = [ pa-

Proposition 7.

/ friw=dtp.
B(0,5)

[ su= [ s
B(0,5) B(0,8) /X
2/ /dkﬂm
B(0,8) J X
de/ HA
X

=d*p.

Proof.
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Given any probability measure 1 on P¥ let

1
Qn) = — .
(77) dk /_;(0’6) f)\n

Theorem 2.

Proof. We have

<o) e>= [

B(0,8)" dkn

Fr Wk
= / < dkn ,¢ >
X

= /Xgn(A),

Fr ok
gn(A) =< W,q» )

where

11

By Proposition 5, g,(A) =< pa, ¢ > for each A € X. Since all currents have uni-

formly bounded mass, we may apply the Lebesgue convergence theorem to conclude

that

<OMw*), ¢ >— / <pa, ¢ >=<p,¢>.
X

Thus Q™ (w*) — u, as desired.

Lemma 4. For w € P, Q([w]) is absolutely continuous with respect to w*.

Proof. Let E C P¥, w*(E) = 0. Define V := {(},2); fa(2) = w}. Let m and w2 be

the projections from V' to B(0,4) and P* respectively. Let
W =m omy ' (E).
Now, we may define
Q[w])(E) =< Q[w]), xe >

- 1/d’“/ < filwlxe > dv
B(0,5)

— 1/d* / < [w], (Fr)exs > dv
B(0,5)

=1/d" /B(O 6)(f,\)*XE(w)dV

_ k v
—1/d /B ol 2 ew)a

yefy H(w)

1/ [ gy
B(0,5)
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where g(A) = (#{fy'(w) N E}). Thus g(}) is an integer between 0 and d*. It is
supported on W. Thus the final integral above is less than or equal to

1/d* - d* /Wl-du =v(W).

Thus it suffices to show that (W) = 0. Let Z be the union of the branching loci
of the projections of V' to P*¥ and B(0,6). Then clearly v(W) < v(W \ m(2)) +
v(m(Z)) =0. O

Lemma 5. Let 1) be any probability measure on P*. Then Q(n) is absolutely con-
tinuous with respect to w*.

Proof. Write
1= [ wldn(w).
Pk
Pulling this back by f5 gives

fin= [, Hlwldnw).
Pk
Integrating with respect to A, and changing the order of integration, we obtain
o) = [ udntw).

Suppose that F is a measurable subset of P* with w*(E) = 0. Then we have
Qn)(E) =< Q0), xe >

- /P < Q([w]), xp > dn(w)

=/Pk0dn<w>
=0,

where we have used Lemma 4 in the second-to-last equality. |
We cite the following result from [10]; see also [9].

Theorem 3. Let f, : P¥ — P* be a sequence of holomorphic maps, f, of degree
d®. Then there exists a pluripolar subset & of P* such that for all probability
measures 71 on P with n(€) = 0,

1 * *
W(fnn - fnwk) -0
in the weak topology of currents as k — 0.

Theorem 4. Let n be any probability measure on P*. Then Q"(n) — u in the
weak topology of currents.

Proof. Replacing 5 by (), if necessary, we may assume that 7 is absolutely con-
tinuous with respect to w®, by Lemma 5, and thus that it has no mass on locally
pluripolar sets. Fix A € X. Then applying Theorem 3 with f, = Fj ,, we have
that

Unp

1 * %
= W(FA,M - FA,nwk) -0
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in the sense of measures as n — oo. Fix a test function ¢, and let g,(A) =< upn, ¢ >.
Then g, — 0 pointwise on X. But

< Qn(n) - Qn(wk)a¢ > = / gn

B(0,5)"

:/gn-
X

Since the measures have bounded mass, we may apply the Lebesgue convergence
theorem to conclude that the limit of this last quantity as n — oo is zero. But we
have also from Theorem 2 that

QW) = p
as n — oo. O

Remark 3. As in Remark 2, we note that the continuity of us in A implies that
p = p(d) converges to pg as § — 0, where again 0 here denotes the sequence
(0,0,...) € X.

4. DESCRIPTION OF supp T'

Let 7o C P* be the largest open set on which the family {Fj ,}, is normal,
and let Jp be its complement.

Proposition 8. The support of Th is equal to JA.
Proof. We have the estimate

C
Gr(2) = Gu(A,2) < 3
for some C > 0. The rest of the proof is the same as that of Theorem 6.2, [3]. O

Proposition 9.

supp T = U supp Th.

Proof. The inclusion C is obvious, since T' = [ x I'a- For the other inclusion, recall
that Ty varies continuously in A. So if some Ty has mass in an open set U, then
so does T = [, Th. O

Proposition 10.
supp 4 = supp pa-
Proof. The proof is the same, since pp also varies continuously in A. O

We now wish to show that the complement of supp 7 is relatively compact in
the basins of attraction to attracting periodic orbits for fo. If fo has no attracting
periodic orbits, then supp T = P¥. We recall first some general notions from the
theory of dynamical systems. See Ruelle [7] for background.

Let (X, d) be a compact metric space and f a continuous map from X to X. The
sequence (z;)i1<j<n is an e-pseudo-orbit if d(f(z;),zj41) < efor j=1,...,n—1.
For a,b € X, we write a > b if for every € > 0 there is an e-pseudo-orbit from a
to b. We also write a > a. We write a ~ bif a > b and b > a, and denote by [a]
the equivalence class of a under this relation. Define an attractor to be a minimal
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equivalence class for ~. The following proposition is an easy consequence of Zorn’s
lemma.

Proposition 11. Let f : X — X be a continuous map on a compact metric space
X. Then given any x € X, there is an attractor [a] such that z > a.

It is also easy to show (see [7]) that an attractor K is compact and satisfies
f(K) = K. The following theorem is proved in [5].

Theorem 5. Let f : P¥ — P* be a holomorphic map of degree at least two. Sup-
pose that K is an attractor for f. Then either K is an attracting periodic orbit for
f, or K contains a nonconstant, entire image of C.

Corollary 1. Let f : P¥ — P* be a holomorphic map of degree at least two, and
let K be an attractor for f. Then either K is an attracting periodic orbit for f, or
KnJ#0, where J is the Julia set for f.

Proof. Tt is a result of Ueda [11] that the Fatou set for f is Kobayashi hyperbolic.
By the theorem, if K is not an attracting periodic orbit, it contains an entire
nonconstant image of C, in which case the hyperbolicity of the Fatou set implies
that KNJ # 0. O

Lemma 6. Let f\ be the holomorphic family of maps on P* described in the in-
troduction. For the map fo, suppose that x = y. Then there exist \1,..., A, such
that

P00 fa (@) =y

Proof. Let € be so small that f(-,2)(B(0,d)) D B(fo(z),€) for each z € Pk,

Let (z1,...,Tn+1) be an e-pseudo-orbit for fo with ; = x, 41 = y. Since
d(fo(zj),zj41) < r for each j < n, there exists A\; € B(0,d) such that fy,(z;) =
Tji1- O

Lemma 7. Let V be the full basin of the attracting orbits for fo, and suppose that
2 € PE\ V. Then there exist n and (A1, ..., \,) € B(0,8)" such that

fan oo fa(2) €,
where J is the Julia set for fo. The same holds for z € P*\ W, for some W CC V
by continuity.

Proof. We have z > A for at least one attractor A. If A is nontrivial, we are done by
the previous two lemmas. If A is an attracting periodic orbit, since fy, o---ofy,(2) €
V for some (A1,...,An) € B(0,0)", but fi(z) € V, and since fy, o--- o fi,(2)
varies continuously in (A1,...,A,) € B(0,4)", there must exist some (A,..., ) €
B(0,9)™ such that fyr o---o fy (2) € OV C J. O

Theorem 6. The support of T contains a neighborhood of the complement of V,
where V is the full basin of the attracting orbits for fo (possibly V =10).

Proof. Given z € P*\ V| there exist n and (\g,...,\,) € B(0,6)" such that

f>\n O"'Ofx\l(z) € J,

where J is the Julia set for fo. (Again, note that by continuity this is true for z in an
open neighborhood of P¥ \ V.) But then z € J, where A = (A1,...,A,,0,0,...).
Thus z € supp T'. O
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Remark 4. In general, fy may have infinitely many attracting periodic orbits. But
since only finitely many have basins with diameter larger than some fixed real
number, supp T contains all but finitely many of these basins. How many escape
depends on 4.

Ezample 3. Suppose that fo : P! — P! has a Siegel disk U. Then U C supp 7.
But it follows from Remark 2 that the amount of mass which T gives to U depends
on ¢ and approaches zero as 6 — 0.

We can now give a characterization of supp 7T in terms of normality. Let J be
the complement of the largest open set on which the full family

G:= {FA,n}A,n
(that is, the family of all possible compositions fy, o---o fy,) is normal.

Corollary 2. The support of T is equal to J .

Proof. By Propositions 8 and 9, it suffices to show that m = J. The inclusion
C is clear, since G fails to be normal if the particular subfamily {Fjy ,}. fails to
be normal. For the other inclusion, it suffices to note that the complement of the
left-hand side is Kobayashi hyperbolic, by Theorem 6 and by Ueda’s result on the
hyperbolicity of Fatou components [11], and that it is invariant under G. Thus G
is normal there. O

5. LIMIT MEASURES NEAR ATTRACTORS

We now wish to prove some results on forward iteration, and find some limiting
measures in this case.
The following theorem is a generalization of Theorem 0.1, [4].

Theorem 7. Fiz § > 0. Let the family f) be as described in the introduction.
Then there exist finitely many attractors A; for fo, disjoint open sets V; D A;, and
continuous functions g; such that
1.0<gi<1,3,0i=1
2. For z € P¥| there exist disjoint open sets U; , C X with 7(U; ;) = gi(z) such
that if A € U, , then Fa n(2) € V; for all n sufficiently large.

Proof. By compactness, there exists € > 0 such that for each z € P¥, f(-,2)(B(0,4))
contains a ball of radius € (as in the proof of Lemma 6). Since for each z € P* there
exists an attractor A such that z = A, again by the compactness of P* there exist
finitely many attractors Ay, ..., A; such that for each z € P* there exists an orbit
{far(2)}i— from z to some A;. Let V; = {fan(2);A € X,n >0,z € A;}. Then
V; is an open neighborhood of A; and f(V;) C V; for all A € B(0, ). Suppose that
Vi = Ag. Then it follows that V; D V. If this happens for some i # k, we remove
Ayp. After finitely many steps we can assume that no V; > Ay if k& # <. Suppose
next that V; N'V; # 0 for some i # j. Pick z € V; N'Vj. Then z > A, for some k.
Since k must be different from i or j we get a contradiction. Hence V; NV, = @ if
i # j. There exist for each 2 € P* an N and a (A1,...,An) C B(0,8)" such that

faworofu@ e Jvi=V.

Since P* is compact, N may be chosen to be independent of z.
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Define
El(2) = {(M,-, 7)) € B(0,8)’; fy, 0+~ 0 fa,(2) € Vi,
and
S(2) = {(A1,- .-, Aj) € B(0,8)7; fn; 00 fa (2) €V}
Let gi j(z) = v;(E!(z)), where v; = v x --- x v is the product measure on B(0, §)?
obtained from v. Clearly v;(S7(z)) and the g; ;(z) are lower semicontinuous on P¥.
Since OV has zero volume and f,\ is a finite map in A,

V] SJ + Zgl,]

Thus
9:.3(2) = 1= v;(5(2)) = D _ g1,5(2)
k#1
is continuous. Hence so is v;(S7(2)).
By the choice of N, there is a constant g > 0 such that for all z € P*,

S, gun(2) > pi. Clearly gijo1(2) > go5(2). Now,
min (577 = [ o (S (fan 0+ 0 Far (2))dvm(has s )

(A1,00An)ES™(2)
< (1= wvn(S™(2))-
Thus v, (S™(z)) converges geometrically to zero as n — oo, uniformly in z. We also
have

Gi,nt+N(2) = gin(2) +/ UN(EN (fr, 0+ 0 Fr(2)dvn(Ar, - .., An)

(M) €57 (2)
< 9in(2) + vn(S™(2)),

so the g; », converge uniformly to a continuous limit g;. O

Remark: Note that each V; is contained in the compact set {g; = 1}. Thus the
closures of the V; are also pairwise disjoint.

Given p € M, the space of probability measures on P¥, let

w) = [ 9utz).

(g; as in the previous theorem, ¢ = 1,...,l, where [ is the number of attractors from
the previous theorem). Say p1 ~ po if (a1,...,a1)(u1) = (a1,...,a)(p2). Let My
be the equivalence class under ~ given by A := (a1,...,a;). Let T : M — M be
given by T'(u fB(o 5 (f»)«pt. Then T is an € w*- dzﬁuswn with € as in the proof

of Lemma 6. See [4] for the definition of a diffusion.

Theorem 8. T has a unique fized point ua in each Ma, A € [0,1), and for each
wE Ma, T () = pa strongly. Furthermore, if A = (ai,...,aq;), the limit measure

has a decomposition
1
Ha = Z Qi i
i=1

where the p; have mass one and are independent of A, with p; supported on V;.
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Proof. Fix A, and let y € M 4. Write

- /P b.du(z)

Let B = B(0,8) C C*. Let P, .(¢) be the density of T"(4,) with respect to w* on
P*. For a test function g, we have

T.0) = [ (076, 0)du(2)
[ ] s or 0 fu)b gy ) )
=[] Gego oo dn (. A) di(a)
:/Pk/ngo Frs 00 fr) @) dvnO, -y An) du(2)

- /P k /P k O)du® () dpa().

Now, the results of the previous theorem are equivalent to the following statements
about P, ,(¢):

1. P,. —0in LY(V°).

2. f‘/i Py, . (¢)dwk (¢) = gin(2) — gi(2) uniformly in P*.
From (1), we conclude that the mass of T"(u) in V¢ converges to zero. From (2),
we have that

/P’“ (/ P"’Z(Ode(o) dulz) = /Pk gin(2)dpu(z) = /Pk 9i(2)du(z) =

Thus the mass of T™(u) in each V; converges to a;. Thus we may assume that u
has mass a; on each V;, and no mass elsewhere.

Note that the family G leaves invariant each V;, and therefore also each V;. We
have thus reduced the original problem to the problem of T acting on measures of
mass a; on the compact space X := V;, which contains a unique attractor. It was
proved in Theorem 3.5 of [4] that in this case there is a unique measure y; fixed by
T which attracts strongly all measures of mass one on X. Since T is linear, a;u;
attracts all measures of mass a;. Thus T has a fixed point

pnA = Z Qi Jbg

in M 4, which attracts strongly all measures in M 4. O
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