AUTOMORPHISMS OF C"

BRENDAN J. WEICKERT

1. INTRODUCTION

Let Aut(C™) denote the group (under composition) of injective holomorphic
maps of C" onto itself. While Aut(C) consists only of the affine mappings z —
az + b, a # 0, the group Aut(C"), n > 2, is much larger and more complicated.
The primary purpose of this paper is to show that there exist holomorphic auto-
morphisms of C™, n > 2, with any finite number of prescribed coefficients in their
Taylor expansions about the origin, subject only to the obvious condition that
those coefficients be chosen so that the derivative at the origin is invertible. More
precisely, we have the following:

Theorem. Let P = (Py,...,P,), n > 2, be a holomorphic polynomial mapping
of C™ to itself, with P'(0) invertible. Let d = max;(deg(P;)). Then there exists
¢ € Aut(C™) such that the d-jet of ¢ at 0 equals P.

This is Theorem 2 of this paper.

One reason for the greater complexity of Aut(C™) when n > 2 is the existence
of shears and overshears in Aut(C™) when n > 2. Choose linear coordinates z =
(215-..,2n) on C™ and let 2’ = (21,...,2,—1). An overshear is any mapping which
under some linear coordinate change takes the form

2= (2, 2,) =~ (z',eh(zl)zn + f(2"),

where f and h are holomorphic functions on C*~!. When h = 0, such a mapping
is called a shear. Note that shears have Jacobian determinant identically equal to
one.

We have analogous definitions of overshears and shears for vector fields on C".
A vector field is called an overshear if it is conjugate under a linear change of
coordinates to a vector field of the form

2= (2 2m) o (O, h()zn + 1)),

where f and h are again holomorphic functions on C™. When h = 0, the vector
field is called a shear. In either case, the vector field is complete; i.e., it may be
integrated for all real or complex time (the equivalence of completeness in real time
to completeness in complex time was shown in [3]). For any ¢ € C, the time-t map
of the flow of a vector field which is an overshear (resp., a shear) is an overshear
(resp., a shear) in Aut(C™).

In [2], continuing work from [1], Andersén and Lempert proved that every biholo-
morphic mapping from a starshaped domain Q C C” (n > 2) onto a Runge domain
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can be approximated uniformly on compact subsets of 2 by finite compositions of
overshears. In [4], Forstneric and Rosay built on this result to show that if ¢; is of
class C? in t, and is a biholomorphism from 2 C C™ into C", with ¢;(Q) Runge,
for each ¢ € [0, 1], and if ¢ is approximable on compact subsets of by elements of
Aut(C"™), then the same is true of each ¢;. They also remark that allowing the base
domain ; to vary with ¢ gives the same result on compact subsets of ﬂte[o’l] Q.

In this paper, we apply essentially the same approximation technique to a family
of maps indexed by a parameter varying in a closed polydisk in CV for some N.
In Theorem 1, we show that the maps may be approximated by automorphisms
uniformly in the parameter, in such a way that the approximating automorphisms
depend holomorphically on the parameter. Theorem 2 is then proven as a corollary
of Theorem 1. In section 2, we develop some notation and state Theorems 1 and 2.
Section 3 is devoted to lemmas, and sections 4 and 5 contain the proofs of Theorems
1 and 2, respectively.

2. PRELIMINARIES

Throughout this paper, when X is a mapping from 2 € C” to C™ and U C (9,
| X || will denote sup, < | X (2)].
Let P = (P,..., P,) be a polynomial mapping of C™ to itself, with

n
j— @
Pi(z) = a;o + E aizj + E tia2®.
j=1 2<[al<d

Here d = max;(deg(P;)). Throughout this paper we will assume that n > 2. Write
ag = (a170, .. .,an,o), A= (a,-j). Let

N =card{tia:i=1,...,n, 2<]a| <d}.

Reindex {tio:i=1,...,n, 2 <|a| <d} as {t;}i=1,...,~n. We shall use both index-

ings in what follows. Write P as P, to denote its dependence on t = (t1,...,tN).
Let
R = max |t
i=1,...,N
D = AN(0,3R)
P ={P}tep-

Let ji (f)(p) denote the k-jet of a holomorphic mapping f at p. Recall that this is the
equivalence class of germs of holomorphic mappings at p whose partial derivatives
at p of order k£ and lower coincide with those of f. It may be identified with the
polynomial mapping obtained by truncating that part of the Taylor series of f at
p consisting of terms of order k£ + 1 or higher.

Suppose ag = P(0) = 0, and that A = P'(0) is invertible. Fix € > 0. We will
show in Theorem 1 the existence of a neighborhood W of 0 € C™ so that, for any
compact subset K of W, there exists a map

F:P — Aut(C")
P — F(P)
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where we write the i** component of F(P;) as

n
a;,0 + Zaijzi + Z tNZ',aZa + 0(|Z|d+1),
i=1 2< |al<d

with certain properties. Let

o = (1,05 - --,08ny0)

A= (4 ).

Theorem 1. There exists an open neighborhood W of 0 € C™ such that, for any
compact set K C W, we can construct the map F described above to satisfy the
following criteria:

1. do = 0.
2. A=A.
3. Thet; depend holomorphically on the t; o. That is, F induces a holomorphic
mapping
F*:D—CN
(t17" 7tN) = (Ela' 7t~N)
4. |F(P) — Pi||lk < € for allt € D.

As a corollary to Theorem 1 we obtain

Theorem 2. Let P = (Py,...,P,) be a polynomial mapping of C™ to C™ with
P'(0) invertible. Let d = max;(deg(P;)). Then there exists ¢ € Aut(C™) such that

P = ja(¢)(0).
3. LEMMAS

We assume P(0) = 0 unless specified otherwise. Also, all vector fields used in
this paper will depend on, and be integrated with respect to, complex time.

Lemma 1. There exists an open neighborhood U of 0 € C™ such that P, : U —
P,(U) is a biholomorphism for all t € D.

Proof. The proof is a simple generalization of the Inverse Function Theorem. [

Lemma 2. There exists § > 0 such that

B(0,8) [ P.(U)

teD

for all t € D. If Uy = P;Y(B(0,9)), then W := Nicp Ut contains a neighborhood
of 0.

Proof. For the first statement, it suffices to note that
dist(0,0P,(U)) = dist(0, P,(0U))

is a continuous function of ¢, since P; is continuous in ¢, and so has compact image
in RT. The second statement is essentially the same as the first, with P[l in place
of P; and B(0,4) in place of U. O

The following lemma is standard.
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Lemma 3. Let X and Y be two holomorphic time-independent vector fields on a
domain Q C C". Suppose that X and Y are uniformly bounded and close on (Q,
and that the the time-t maps of their flows are defined for |t| < R on some compact
subset K of Q. Then the time-t maps of the flows of X and Y are close on K.
More precisely, if

[X]le < M < o0,
and

IX - Ylla <e,
then

||¢(at) - d)('at)”K < el(e)a

where € — 0 as € = 0, and ¢(z,t) and ¥(z,t) are the time-t maps of the flows of
X and Y, respectively.

Proof. The proof is a straightforward application of Gronwall’s Lemma. O

The following technical lemma, due to Andersén, will be of importance in the
proof of Lemma, 6.

Lemma 4. Let X : C" x A(0,7) = C™ be a holomorphic time-dependent vector
field. Let U(z,t,€),V(z,t,€) = O +(€?). Let also

2pt1 = 2k + €X (2k, ke) + Uz, ke,€), 20 =C¢
wi 1 = wi + eX (wg, ke) + V(w, ke, €), wo = ¢,

for all e € C such that kle| < r. Write z, = 2((, €) and wy, = wi((, €) to indicate
the dependence on ¢ and €. If u is continuous and z,((,t/k) = u((,t) uniformly
on compact sets as k — oo, then wi((,t/k) = u((,t) uniformly on compact sets as
k — oo.

Proof. The proof is essentially that of Theorem 4.1 of [1], with only minor modifi-
cations. |

The following lemma is similar to Corollary 1 to Theorem 4.1 in [1]. However,
the modifications we require are significant enough that we provide a proof here.

Let 2 C C™. Suppose that X is a holomorphic time-dependent vector field, and
suppose that the time-# map of the flow of X, which we write as q}(z, t), is defined

on  for t € A(0,r) C C. Thus, in particular, X is defined on
{(z,t)€C" x C:t € A(0,7), z € $(-, 1)(Q)}.

Let K be a compact subset of Q. For fixed ¢, let | X'(-,¢)| denote the Jacobian
determinant of X (-,%). Let

Or = (-, 1)()

K; = ¢(-,t)(K)

A = min dist(Ky, 00;)

L = max ||| X"(-,1)[[lo,
1

B = z(eTL -1)

C =sup{|X(z,t)| : t € A(0,7), z € O}.
By shrinking ) slightly, if necessary, we may assume that L < oo and C' < oo.
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Let k € N, and let

¢k (Za 6) = ¢(z7 ke)

for all € € C such that kle| <r. Then

d/;k-i-l (Z, 6) = ng(z, 6) + GX(ék(zv 6)7 k€) + U(qgk (Z, 6)7 k€, 6)7
where U = O(Je|?). Let n;(z,€) be the time-e map of the flow of X (-, je), defined
for each j € N such that jle| < r on some subset (possibly empty) of ¢;c(Q2). Let
k—1
— 012077](27 6) k Z 1
wk(za 6) {Z k=0.

Choose § such that 0 < § < %. Choose €9 > 0 so small that

1
max - [T, 1, €)lo, <

NS N O

1

max 2|V (-, 1,6) o, <
when |e| < €.
Lemma 5. The map ¢y defined above is defined for all (z,€) € C™ x C such that
z€e K, |e| < min(%,eo) and kle| < r. It satisfies

- )
(3.1) (s €) = dr( )l < Z (A +[elD)" = 1)
Note that the right-hand-side of (3.1) is less than §B.

Proof. The proof is by induction on k. The statement is true for k& = 0, since
o(z,€) = ¢o(z,€) = z. Suppose that it holds for k. Let (k + 1)|¢] < r, with
le| < min(£%,€0). Then ¢g41(-,€) is defined on K if and only if n(-,€) is defined
on Y (-, €)(K). But by (3.1),

dist(Vr(-, €)(K),00k) > A— 6B > A/2.

Then 741 (-, €) is defined on ¥ (-, €)(K) whenever |¢|C < A/2. Furthermore, we
have

A
2C
K

k4105 €) = Bra (Ol < 1voe(r€) = B @)l
+ el - 11X (o ke)llon 19k €) = dr (- €)l|x + ble]
< (14 [e|D) 19 ( ) = i (-5 €)llxc + el

(1 + |e|L)**+ —1).

<

>

O
The above lemma shows, in particular, that ¢ (2,t/k) is defined for (z,t) € K x

A(0,7), and
k(- t/k) — ¢n (- t/k)||x < 6B,

when k > rma.x(%, 2C). Since § was arbitrarily small, we have that
Ui (2, t/k) = $i(z,t/k) = (2,1)

uniformly on K as k — oo.
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Remark 1. The following lemma is stated without proof in [4]. We provide a proof
here for completeness.

Lemma 6. Let X,Y;,i = 1,...,k be holomorphic time-independent vector fields
on C™, and suppose X = Y1 + --- + Y. Suppose further that the time-t maps of
the flows of X and the Y; are defined for |t| < r on some compact set K C C". Let
Ny € N. Let 7;(z,t) be the time-t map of the flow of kY;, n(z,t) the time-t map of
the flow of X. Let

7(z,t) = 76(2,t/kN3) o Tj,_1(2,t/kN3) 0 - - - o 11 (2, t/kN3).

Then
lim |In(-,t) = 7™ (-, t)]|lx = 0.

No—o00

Proof. Note that n(z,t/N>) has the following expansion in powers of t/Na:
t
Nz t/N) = 24 X (2) e + Uz, No),
2
where U = O(1/N3). Let n;(z,t) = n°(2,t/Ns),j =1,..., N>. Then

nj+1(z7t) = nJ(ZJt) + X(UJ(Zat))]\% + U(n](zat)L]; NZ))

and TIN5 (Z,t) = n(za t) NOW,

(2, t/kN,) = 7 + kY,.(z)kLN +Vi(z, Vo),
2

where V; = O(1/N2). Then
rir 0 iz t/kN) = 2 + Yz-(z)Ni2 +Viz, o)
+Yin (2 + O(1/N2) 3~ + O(1/N)
= 2+ (Vinn + Y)(2) - + O(1/V)).
Thus

r(e,t) = 24 X(2) = + V(2 M),
2

where V = O(1/N2). Thus

P (2,0) = 73 (2,8) & X (79 2, ) n + V(7% 2,8), 5, Vo).
2

Now apply Lemma, 4. O
Lemma 7. Let X : Q — C" be a holomorphic time-independent vector field on

QCC" and L: C" — C" an invertible linear map. IfX=L"'cXolL, and
f(z) = div(X), then div(X) = f o L(z).
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Proof. Write L = (I;;), L~ = (m;;). Then

X(z1,...,20) =L ' o X o L(z1,...,2n)
=L! OX(leij;---;zlnjzj)
j J

j
= L_I(Xl(lejzj, e, Zlnjzj), ... ,Xn(z Lijzj,..., Zlnjzj))
= (;mlkak(Z lljzj,..J.,Zlnjzj),..., J J
J J
zk:mnka(lejzj,...,Zlnjzj)).
j j
Thus

div(X) = Z Bizl(z mika(Z hjzj,..., Zlnjzj))

i

=33 ma )y, %(L(z))lri
ik T r

k T
0Xy,

= L

G (L)
— foL(2)

O
Lemma 8. Let
X:crtt - cr

(z,\) mw

be a holomorphic time-independent vector field on C™ depending holomorphically
on a parameter \. Then the time-t map of its flow,

¢:C"? 5 C"
(z7 A7 t) '_) w?
also depends holomorphically on .

Proof. We reduce X to a spatial coordinate as follows: extend X to a vector field
on C™"*! by letting

X(z7 /\) = (Xl(za )‘)7 s 7Xn(z7 ’\)7 0)
Let

(2, N\ t) = (1(2, A1), ..., (2, A, 1), A).
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Then
O (B0 1) = (5 (9(2,1,0,0
= (X(8(21,1),1),0)
= X(8(5,0,0), )
= X(4(z, M\ 1)).
Also,

(5(2, A, 0) = (za ’\)
Thus ¢ is the time-t map of the flow of X. In particular, ¢ depends holomorphically
on its space variable (z,}) € Cnt!l (see for instance [5], Theorem 2.8.2). But
¢ = (¢, \), so ¢ is holomorphic in (z, ), and so in A. O
Lemma 9. Let X be a polynomial time-independent vector field on C™ depending

holomorphically on a parameter \. Write X =3 | X Then we may write

N3
X=>"Y,
k=1

0
z@z,-'

where

1. each Y}, is a complete holomorphic vector field on C™,
2. each Yy depends holomorphically on the parameter X\, and
3. N3 depends only on n and d := max? | (deg(X;)).

Remark 2. Part (1) of this lemma is essentially proved in [1] and [2], though it is
stated in slightly different language.

Proof. Fix ay,...,a,_1 € C multiplicatively independent over Q; i.e., if « € Q™!
with

a*ad®...a;"7 =1,
then a; = 0,4 =1,...,n — 1. Let a, = 1. Write each X; as the sum of its m"

homogeneous parts, m = 0,...,d:

d
Xi =" Pim-
m=0
Let M,, + 1 be the number of multiindices @ with |a| = m; thus
-1
My, = (m T ) ~1.
m

Now we write

pzm E czlma Z

where the ¢;;,, depend holomorphlcally on the coeflicients of p; ,, which in turn
depend holomorphically on A. Here

o= (a1, an)

a = (dl,...,d),
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and

n
Z-w = E ZiW;.
i=1

Explicitly (see [1], p. 231),

-1 -1
€i0,m (@*)° ... (a%0)Mm ()" Pisao,m
Ci,M,, ,m (aaMm )0 s (aaMm )Mm ( - ) _lpi,aMm ,m

QM
Here a; denotes a multiindex (hence a® € C), and p;,q,,m the coefficient of p;
corresponding to ;. The matrix is invertible by the multiplicative independence
of the a;. Then we have

m

d M
Xi(2) = Z Zci,l,m(al c2)™

m=0 [=0
My
= Z qi 0 G(2),
1=0
where (; is the linear one-form (a!,...,al,), and the ¢;; are polynomials in one
variable whose coefficients depend holomorphically on A. Now, fori=1,...,n—1,

the vector field

ith component

y : l
Y;',l 12— (Oa s 505 qi,1 © Cl(z) 505 .. '705 —a;q;,1 © Cl(z))
is complete. It gives rise to the flow
2z +tY5(2),

as can be readily checked.
Consider the vector field

n—1 My n o
Z=X- ZZY, EZZ,-B—%.
i=1 [=0 =1
Note Z; =0, i=1,...,n—1.
Let
07,

f(z) = div(Z)

Oz
(Note that f(z) = 0 implies Z is a shear.) Then f is a polynomial of degree d — 1.
As shown above for the X;, we may write
d—1 M,,
@) =3 amGE)m,
m=0 [=0
where the (; are linear forms depending only on [, and the coefficients ¢; ,, depend
holomorphically on A. Write this as
Mg_1

fz) =Y moGl2),

where the p; are polynomials in one variable whose coefficients depend holomorphi-
cally on \.
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Consider the vector field
-ﬁl T2 (07 - '707pl(z1)zn)'
It is an overshear, thus complete. It gives rise to the flow
20 (21,00, 2n_1,eP 0 2).
We have div(B) = p;(z1) = pro (1,0,...,0)(2). Let L; : C® — C™ be a linear map
with
1. (1,0,,0) OLl = Cla and
2. L; invertible.
Let P, = Ll_1 o P o L;. Then P, is clearly complete, and by Lemma 7, div(P,) =
p o (;(2). Furthermore, the coefficients of P; depend holomorphically on those of

Py, which in turn depend holomorphically on A.
Now, the vector field

Mg_y n )
=0 i=1
satisfies
1. W;=0,i=1,...,n—1, and
oW,
2. di = =0.
iv(W) o

Thus W is a shear, hence complete. Its coefficients clearly depend holomorphically
on A, since those of its summands do. The proof is complete. Note that N3, the
total number of the Y;;, P, and W, depends only on n and d, as desired. O

Remark 3. Note also that we may have one or more of the Y; equalling zero for
certain values of A, and that, by this construction, if X fixes the origin, so do each
of the Y;.

4. PROOF OF THEOREM 1

Fix € > 0. Let W be as in the proof of Lemma 2. Replacing W with int(W),
if necessary, we may assume that W is open. Fix a compact set K € W. Also fix
a compact set K' such that |J,., P/(K) C K' C B(0,4). Define F(Pp) = F,. Note
that this is an automorphism satisfying (1) — (4) of Theorem 1. Our strategy will
be to extend F' to subspaces of P of successively higher dimension. Suppose F has
been defined on

Pr == {P1,....t4.0,...0) : t1,- -, tx € A(0,3R)}
so that, in the notation of Theorem 1,
1. d =0,
2. A=A,
3. the t;, j =1,..., N depend holomorphically on ti,...,#, and
4. ||F(P(t1,...,tk,O,...,O)) - P(tl,...,tk,o,...,o)”K < Cre for all (tl, . ,tk) € Ak (0, 3R)
and some Cy > 0.

We show that we can define F' on Py so that conditions (1) — (4) remain satisfied.
Assume that t; through t; are fixed, and let

¢tk+1 = P(tl,---ytk+1,01---70)|U'
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To simplify notation, write ¢’ = tx41. In the following, unless specified otherwise, ¢
and ¢’ will denote complex numbers.
By assumption, there exists ¢g := F(¢g) € Aut(C™) satisfying (1) — (4) above.

Claim 1. ¢p o ¢y ! is the time-t' map of the time-dependent vector field X given
by

0
X(2,) = 560 0 67 ()=t
Proof.

X(1099M(2),0) = 5o 0 900 610 99 (locs
0

= %‘ﬁs o ¢al(z)|s=t-

O

Note that X depends holomorphically on ¢, since ¢ and ¢~ do. For each t €
A(0,3R), X(-,t) is defined on ¢;(U). We now approximate ¢y o ¢ ', the time-t'
map of the flow of X, by a composition of flows of time-independent vector fields.

Write ¢; o ¢o(2)~" as @(z,t). Let Ny € N. For j =0,..., Ny — 1, let ;(-,#'/Ny)
be the time-t'/N; map of the time-independent vector field X, /n, := X (-, jt'/N1).
Let

Un, (8 /N1) = ol Iy (-, 8 /NY).
In the statement of Lemma 5, let K = K', r = 3R. Given €3 > 0, we apply Lemma
5 to find Ny such that ¢, (-,t'/N;) is defined on K’ and satisfies

[|per © ¢51 — N, (/N1 ||k < €.

The proof of Lemma 5 shows that N; may be chosen independently of t' € A(0, 3R),
and the finiteness of N shows that it may be chosen independently of k. Note
also that since the X4 /N, are compositions of X with linear maps, their coef-
ficients still depend holomorphically on #'. They are defined and holomorphic on
¢j0 /5, (U) D B(0,6). We now approximate them by holomorphic vector fields on
c.

Given €3 > 0, fix Ny so that

1 X /3y — X /i | BGo,s) < €3

for j =0,...,N; — 1, where
Xjp/ny = na(Xjer /n,)(0).

Thus the X/, are polynomial vector fields, and so defined on C". Clearly they
still depend holomorphically on #. The compactness of D and the finiteness of N
ensure that Ny may be chosen independently of ¢’ and k.

By Lemma 9, for each j we may write

Xjoyny = Yig + -+ Ying,
where the Yj; are complete and depend holomorphically on ¢, and N3 depends
only on Njy. ~
Let 7; be the time-t'/N; map of the flow of Xy ,n,. Then, if €3 was chosen
sufficiently small, 7j; is defined on K’ for all j. Now, given ¢, > 0, we can apply
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Lemma 6 to find N such that, if 7;; denotes the time-t'/N3No Ny map of the flow
of NgY}ﬂ', and if Tj =Tj,N3 O - 0Tj1, then

lI7; — T;NQ”K' < €.

By Lemmas 8 and 9, the 7;; depend holomorphically on ¢'. Note that they are
automorphisms of C”, being the flows of complete time-independent vector fields
on C".
Let ¥n, = fln,—1 0 -+ 07g. By Lemma 3, we may choose €3 so that
||¢N1 - QZN1||K’ < €2.

We may also choose €4 so that

9y — oy '™ |k < e

J=0 "j
Then
[|er 0 ¢al - Of:l()_lT;NQHKI < 3ea.
Let
v = (O;yzl(;lT;Ng) ° o.

Then ¢~5t' is an automorphism of C" depending holomorphically on (¢1,...,t;) and
on t' = ty,1. By Hartogs’s separate analyticity theorem, it thus depends holomor-
phically on (t,...,tgs+1). For e sufficiently small, we have

e — ¢l < Cryrer,
for all (ty,...,tp11) € AFH1(0,3R), and some Cry1 > 0. By construction, ¢y (0) =
0. Let
A= (¢0)'(0) 0 ((8)'(0) " = Ao ((de)'(0)) "
Then A depends holomorphically on (t1,...,t;1) and is close to the identity. If
we let

F(P(tl,---,tk+1,0,---y0)) = Ao ¢y,
then
1F(Pty...otrs1,0,.0)) = Pltneostigs,0,.0)) 16 < Crpren

for some Cgy1 >0, and F (P, ... 4;4,.0,...,0)) satisfies properties (1) — (4) above.
We now continue until F' has been extended to Py = D. Then F™* is holomorphic
in D, and, if €; was chosen sufficiently small relative to €, Theorem 1 is proven. [

5. PROOF OF THEOREM 2

By post-composing with a translation if necessary, we may assume that P(0) = 0.
Take

F*:D—=CN
t—t

as in Theorem 1.

Claim 2. AN(0,R) C F*(D).
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Proof. In Theorem 1, choose K to contain an open neighborhood of 0. By the
Cauchy estimates and the compactness of D, ||F* —id||p < €'(€), where €' (€) — 0
as € = 0. Thus F* —id maps D into B(0,€¢') C C™. By the Cauchy estimates,
therefore, the eigenvalues of (F* —id)’(¢) are less than or equal to €'/R < € for all
t € (2/3)D = AN(0,2R). Thus, if A is an eigenvalue of (F*)'(t),t € (2/3)D, then
|A — 1| < €; so in particular |A| > 1 —€'. Thus

|det(F*)'(t)] > (1 — YN #0  Vte (2/3)D.
Then, by the inverse function theorem, F*|(;/3)p is an open mapping, and since

[|[F*(t) — t||p < €', we must have AN(0, R) C F*(D), as desired, for € sufficiently
small. 0

Thus, in particular, t € F*(D), and we are done. O

6. FINAL REMARK

Theorem 2 may be used to produce examples of automorphisms of C2? tangent
to the identity, and having an open set of points attracted to the origin and biholo-
morphic to C? on which the map is biholomorphically conjugate to

(z,w) = (z + 1,w).

These will be given in a future paper.
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