ATTRACTING BASINS FOR AUTOMORPHISMS OF C?

BRENDAN J. WEICKERT

1. INTRODUCTION

It is a well-known result of iteration theory of one complex variable that any
germ of holomorphic function at zero of the form

f(z2) =Xz + O(|2),

with f/(0) = X a root of unity, is either linear or has a basin of attraction to the
origin; that is, an open set U, with 0 € U, such that f"(z) — 0 locally uniformly
as n — oo for z € U. This phenomenon is discussed in detail in, for example, [1]
and [5].

In C™, n > 2, the situation is somewhat different. For simplicity, we will consider

mappings of the form

F(z) = z+ 0(|z]%).
Assume F' # Id. Then F' may or may not have a domain of attraction to the origin.
Easy examples of the former situation are furnished by product mappings (f, f), f
as above, and of the latter by shears (z,w) — (z,w + g(2)), where g(0) = 0 and
¢'(0) = 0. Further examples are provided by Fatou in his brief treatment of this
question in [2].

An interesting question, however, is whether an automorphism of C™ tangent
to the identity can have such a domain, and if so, whether that domain is bi-
holomorphic to C™. (We note that Fatou’s examples in [2] are not realizable as
automorphisms.) This clearly cannot happen when n = 1, since the automorphism
group of C is the group of affine mappings z — az + b, a # 0. In this paper, we
provide the following answer.

Theorem 1. There exist automorphisms of C? tangent to the identity with an
invariant domain of attraction to the origin, biholomorphic to C2, on which the
automorphism is biholomorphically conjugate to the map

The plan of this paper is as follows. In Section 2, we make use of the technique
of directional blow-up of the origin, which has been employed extensively in the
study of vector fields and diffeomorphisms on R2, to find domains of attraction to
the origin for a particular class of germs of holomorphic mappings of C? tangent
to the identity. We then use the following theorem from [8] to show that this class
of germs can be realized as automorphisms of C2.
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Theorem 2 ([8]). Let P = (Py,...,P,) be any polynomial mapping from C™
to itself with P'(0) invertible. Let d > max;(deg(P;)). Then there exists an auto-
morphism ¢ of C™ such that ¢(z) — P(z) = O(]z|*H).

Sections 3 through 10 are devoted to proving that the domain of attraction
found in Section 2 is biholomorphic to C2, and the automorphism conjugate there
to translation. In them we adapt some techniques used by Ueda in his proof of the
following theorem from [6] (we state the theorem in a more general form proven by
Hakim in [3]).

Theorem 3 ([6]),([3]). Let F = (f1, f2) be an automorphism of C* with F(0) =

0 and
v (10

0 < |b| < 1. Suppose further that F has no curve of fized points through the origin.
Then F has a domain of attraction to the origin biholomorphic to C? and on which
F' is biholomorphically conjugate to the mapping

(may) = (.CL' - lay)-

Note that there exist Hénon mappings satisfying the hypotheses of Theorem 3.
In constrast, the automorphisms of Theorem 1 clearly cannot be polynomial.

In the interest of sparing the reader some technicalities, the argument of this
paper has not been given in the greatest possible generality. The final section,
therefore, contains remarks about extending the above construction to much larger
classes of automorphism. The details of this more general argument may be found
in [8].

2. CONSTRUCTION OF AN INVARIANT DOMAIN OF ATTRACTION

By Theorem 2, there exist infinitely many automorphisms F' of C? of the form
F = (fl; f2)7 where

(2.1) filz,y) =z +2° +0(|z]?)
(2.2) f2(z,y) =y + 22y + O(|2]?).
Let
¢:C? = C?

(z,8) = (z,28) =: (x,y).
It is easily checked that ¢ is a biholomorphism away from the s-axis.
Lemma 1. There exists a solution E' to the functional equation
(2.3) poF=Fo¢

on a set W of the form C2\ X, X a one-dimensional analytic variety. In particular,
F is defined on a neighborhood of the s-axis.
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Proof. fi(z,s) := fi(z,zs) = z(g(x,s)), where g(x,s) = 1+ -+ O,(|z|?). It follows
that g is nonzero in a set of the form
N ={(z,s) : |z] < e(s)},

where € is a continuous, strictly positive function of s. Now, define F = (fi, f5) in

C*\ {(=,5) : fi(z,s) = 0} by

(24) fl(.'L',S) = fl(SL',.'L'S)
7 _ f2($7'7;3)
(2.5) fa(z,8) = (@ 39)°

Since F is holomorphic on C2, the expansions (2.1) and (2.2) converge in all of C2.
Since
fo(z, ) = x5 + 2275 + O, (|2]?) = z(s + 225 + O, (|z]?))
vanishes to first order on the s-axis, the domain of definition of F' may thus be
extended to
W = C?\ {(z,s) : g(z,s) = 0}.
In particular, N C W.
Now, for all (z,s) € W, f can be written
. zs + 22%5 + O4(|z]?)
(26) fz(.’L’,S) - z+x2 + Os(|$|3)
s+ 2xs + O0,(|z)?)
T 1+ x4 04(|z]?)
since the expansions in the numerator and denominator of (2.7) converge in all of
C2, and the denominator is nonzero in W. By shrinking, if necessary, the function
€ in Lemma 1, in N the equality (2.7) takes the form

(2.8) fo(z,8) = (s + 2as + Os(|z*) (1 — = + O4(|z[*))
(2.9) = s+ sz + O, (|z[?).

(2.7)

This expansion converges in N. Thus we see, in particular, that F fixes the s-axis.
It is trivial to verify that F' satisfies the functional equation (2.3) in W. O

Proposition 2. F has an invariant domain D, 5 of uniform attraction to the
origin.

Proof. We make the coordinate change (z,s) — (1/z,s) = (u,s) in C2\ {(z,s) :
xz =0}. Let u, =uo F™ s, = so F™. Then

(2.10) up =u— 1+03(ﬁ)
(2.11) 51 :S(1+%)+05(ﬁ)’

where these series converge on {(u,s) : (1/u,s) € N}. Fix § > 0. Then, in
particular, there exists R > 0 such that (2.10) and (2.11) converge on

{(u,s) : |u| > R, |s| < &}.

In the course of this article we will often have occasion to increase R.
Let
Dy =U'"x{s:|s| <d},



4 BRENDAN J. WEICKERT

where
U' = {u:Re(u) < —R}.
By Taylor’s Theorem, there exists £ > 0 such that

k k

. —usl< <l

(2.12) lur —u+1| < m <z
(2.13) 11— s(1+1/u) < & < K
: 1 2 = R?

in D;. Note that increasing R decreases D;, so that k need not be increased.
Choose R large enough that k/R < min(6/2,1/2).

Now, for a < —1, let
b(a) = v/3a? + 3a + 9/16.

Note that b then solves the equation

Va2 + 02— /(a+1)2 + 52 =1/2

U={ueU:|Im(u)| < bRe(u))}.

for a < —1. Let

Then
lu| —|u+1] > 1/2
in U, so that
i<§<<5(|u|—|u+1|)
lul 2
in U, or
k
— <i1—-|1+1
<=1+ 1/ul),
or
6|1+1/u|+i<5
|ul?
inU.
Let

D=Ux{s:|s| <é} C Dy.
We claim that (u1,s1)(D) C D. Let (u,s) € D. Then

k
lsi] <[s(1+1/u)[+ Tl

k
6l1+1 —_—
<01+ 1/ul+ ME

< 4.

b
Also, when a is large, 8— ~ —/3. So for R sufficiently large,
a

vel = A(uw-1,1/2)CU
= u; € U.
Thus (u1,s1) € D, and the claim is proved.
Now, for (u,s) € D, we have

(2.14) lur —u+1]=|ug — (u—1)| <

=T
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SO
n
n—u+n| < Z|ui—ui_1+1|
i=1
<n/2
so that
(2.15) n/2 < |up —u| < 3n/2.

Thus we obtain the following lemma, which will be useful in the chapters to come.
Lemma 3. Let (u,s) = (ug,80) € D, k> 0. Then |u,| ~ n. In particular,

— 1

Z Jus|*
converges uniformly in D if k > 1, and diverges if k < 1.

It remains only to show that s, — 0.

Lemma 4. Let
n

r-11

i=0
Then P, — 0 uniformly for (u,s) = (ug, s0) € D. More precisely, P, = O(1/|u,|) =
O(1/n).

Proof. Since

1
14+ —
Uj

1+ ug
Un

Ti:[l U1 + 1
Uj

=0

)

P=|

it suffices to show that
n
Sy = H
=0
converges as n — oo for (u,s) = (ug, so) € D. But

Ui + 1
Usj

k
lJwivr + 1] = Juil| < |uipr —ui +1] < Tl
2
0
k k
|u | + |U,| < |ul+1+1| < | | +|ul|
or
k ; 1 k
QLA L i P L
|usl u; [uil?
Now, S,, converges if and only if log(S,,) converges. But
1
log(S Zl um 1,
and
+1 k
log(l — ——) < log [ —| <1 ).
oB(1 - ) < log |1 < log(1 4 )
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Now, log(1 + ) = z + O(|z|?) for z close to 0, so ¢1|z| < |log(1 + z)| < ca|z| for
all z in a fixed compact neighborhood of 0 and some ¢, ¢y > 0. Thus
Clk‘
Juil?

foru; € U. So S, convergesif Y ;- 1/|u;|* converges. But this follows from Lemma
3. O

< ‘log

Ui41 +1 H Cgk

i Ju;|?

Lemma 5. If (u,s) € D, then

1 k
(2.16) 1+ — —
s Z| |r{ TP
Proof. The proof is by induction on n. For n = 1, we have
[s1] = Isl 1+ 1/ul < [s1 —s(1+1/u)
<k
|uf?
by (2.13). Now, assume that (2.16) holds for n < N. Then
lsnyi]| < |sw| |1+ 1 + L
N+1 N uN |’U,N|2’
by (2.13). The statement follows immediately for n = N + 1. O

Now, by Lemmas 3 and 4, we have that each summand in (2.16) goes to zero as
n — 0o. Fix € > 0. Fix N; so large that

EI < €f2.

Choose n >> N; so large that each of the first N; 4+ 1 summands in the estimate
(2.16) for |s,| is less than SN Ty Lhen

n—2
o <(N1“)(m” S
Jj=N1

i=j+1

k

u _1|2

<e€f2+ Z [PE |2
uj

J=Ni1
<ef2+¢€/2=c¢.

Thus s, - 0 as n — oc.

For more precise information on the rate at which |s,| converges to zero, note
that the first term in (2.16) goes to zero at the same rate as 1/n, by Lemma 4, and
the last at the same rate as 1 /n2, by Lemma 3. The remaining term,
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goes to zero at the same rate as

SNBSS
ZfusPn
1"2‘:21
nizJ
logn
ot

Thus we have the following lemma.

Lemma 6. Let (u,s) = (ug, s0) € D. Then
forany 0 < g < 1.

1
nd
Write D = D(u,s). Let

D(Z,S) = {(ZL’, S) : (1/3;78) € D(u,s)}
Then D, ,) is a bounded open set which is forward invariant under F and satisfies
F™ — 0 uniformly on D, ), as desired. This concludes the proof of Proposition

2. ([l
Let D(y,y) = ¢(D(s,s)), and let
(2.17) Q=) F"(De.y)-
n=0

3. SEMI-CONJUGACY TO TRANSLATION

We will now prove that F' is semi-conjugate to translation on D, ,); that is, we
show that there exists ¢ : D(, ,) = C such that

(3.1) Yo F(p)=1(p) -1

for all p € D, -
The function v is often referred to in the literature as the Abel-Fatou function.
Write

(3.2) uy zu—1+ci—s)+03(ﬁ),

where c is entire. Thus c satisfies a Lipschutz condition
le(s) —e(s")] < K|s —§'|

for all s,s" € {|s| < 6}.
Choose and fix a branch of the logarithm on U. Let

fn = Up + 1+ c(sy) 10g Un,.
Lemma 7. p, converges as n — oo to a holomorphic function p on D, ), where
(3.3) w(u, 8) = u+ c(s) logu + n(u,s),

n a holomorphic bounded function on D, ) satisfying n — 0 uniformly in D,
as u — 00.
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Proof. We have

[tnt1 = pin] = |tng1 — un + 1+ c(sp1) l0g upi1 — c(s,) log uy|

log u

= [unt1 = tn 1 c(sn4n) 0+ (clsni) = elsn)) log unl
log u

< [ung1 — tn + 1+ c(snﬂ)%| +1(e(8np1) — ¢(50)) log un|

n
=: A+ B.
Also, using (2.11), we obtain
_ Sn 1
et o =, O

in D(y ), where we have omitted the subscript s from the big O expression, since
8p, is uniformly bounded in Dy, ).
Now, from (3.2), we have

log (UZH) =log (u" == +u0(1/|u"|)>

:10g(1 1ol ))

|un|?
= —J—n+0(ﬁ),
so that
A=l =1t C(;:) +O(|ui|2)) Tun i 6(817:1) +0(|u1|2)|
= |C(3") _UZ(SnH) +0(| 1|2)|
et o L
= KIZ+ 0 )

Also,
B< K|sn+1 - sn||10gun|

1 logun
= 0(—q) ‘|

n

log u.,

[+ 007

for any 0 < ¢ < 1, where we have used Lemma 6 in the last line.
This expression depends uniformly on u,, so that it goes to zero uniformly in
D(y,5) as un, = 00. If 0 < ¢’ < 2, we have also, by Lemma 3, that

1
A+B :o(nq,).




ATTRACTING BASINS FOR AUTOMORPHISMS OF C2 9

Thus )
|nt1 — fn| = O(F)’
so that
(3.4) Hn — po = Z(NHl - i)
i=0

converges absolutely uniformly on D, 5 to a holomorphic limit 7. Our estimates
above show that  — 0 uniformly in D, 5 as u — oo.
Let pp=lm p,, = po +m = u + ¢(s) logu + 1. O
Let ¢(z,y) = p(u,s) = p(1/z,y/z). Then
Yo F(p) = lim [uni1(p) + 7+ c(sn41(p)) log(un+1(p))]
= T [un 2 (9) + (0 + 1) + c(sn01.(p)) 108 (2 (p))] — 1
so that ¢ satisfies the functional equation (3.1) in D, .

4. NEW COORDINATES ON D, .
Consider the mapping from Dy, .y to C? given by
(@,y) = (¥(z,9),5) = (U(z,y),y/x) =: (t,0).
Lemma 8. (t,v) is a biholomorphism from D, .y onto its image.

Proof. Tt suffices to show that (t,v) is injective in D, ,y. Suppose, then, that there
exist points (z1,y1) and (22,y2) in Dy, ) such that

(¢($1,y1);81) = (w(mz,w),sz);

where s; = y;/z;, i = 1,2. Then s; = s5 =: s. Thus ¥(z1,y1) = ¥(x2,y2), or,
putting u; = 1/z1 and us = 1/x2, p(u1,s) = p(uz,s) So we need only show that
for each s with |s| < d, the mapping

ps : U — C
u > p(u, s)

is injective in U. By shrinking U slightly if necessary, we may assume that pg is
holomorphic across OU for all |s| < 1. For r >> R, let U, = {u € U : |u| < r}.

Note that
Ops(u) _ . c(s)  In(u,s)
ou 1+ u + Ou

Recall that n(u, s) = 0 uniformly in Dy, 5 as u — oo. The Cauchy estimates then

0
n(v, s) — 0 uniformly in D, ) as u — co. Thus we may assume that

ou
Ops(u)

R was chosen large enough that ———— is uniformly close to 1 for (u,s) € D(y,s)-

give that

Thus p, disturbs the tangents to 8Uruby uniformly small amounts. As u traces out
OU,., therefore, ps(u) must trace out a simple closed curve. The argument principle
then gives that u, is injective in each U,. Since this is true for each r as r — oo,
each p; is injective in U. O
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5. MODIFICATION OF Dy, .

For reasons which will become apparent in the sections to follow, we wish to
modify our domain Dy, , so that its image under the coordinate map (t,v) is a
simple product. Let

T= () us(U).
|s|<éd
Recall that 5(u,s) — 0 uniformly in D, ,) as u — oo, so that for any € > 0, we
may assume that R was chosen so that

s (u) — (u + c(s) log(u))| < e
for (u,s) € D(y,5)- Thus T contains {u € U+c(s)log(U) : dist(u, d(U+c(s) log(U))) >

€}, and therefore has the same asymptotic boundary behavior as U. Replacing T'
by int(T) if necessary, we may assume 7T is open and satisfies instead

Tc () us).
|s|<d
Let

Zu,s) = {(U, S) € D(u,s) : /J(’LL,S) S T}
Ex,y) = {(x,y) : (1/$,y/w) € Déu,s)}

Then we have the following.

Lemma 9.
(5.1) (t, v)(Déw,y)) =T x {v:|v| <d}.

Proof. It is clear that the left-hand-side of (5.1) is contained in the right-hand-side.
We need only show the reverse containment. Given tg € T, |vg| < d, choose ug € U
such that p,,(ug) = to (this is possible by the definition of T'). Let zo = 1/ug and
Yo = vo/uo. Then p := (z0,0) € Dy, ), With t(p) = to, v(p) = vo. O

6. EXTENSION OF THE ABEL-FATOU FUNCTION TO

Until now, we have made no use of the fact that F' € Aut(C™). All of the results
obtained thus far apply to general germs of holomorphic mappings F' of the form

filz,y) =z + 2> + 0(|z%)
fo(z,y) =y +2zy + O(|2]*).

Now, however, we will begin to make use of the global properties of F.
We extend 1 to Q via (3.1) as follows: for p € Q, choose an n such that F™(p) €

D! Define

(z,y)"
(6.1) $(p) = o F"(p) +n.

Then 1 is holomorphic in Q and satisfies (3.1) there. It is straightforward to check
that it is well- defined; i.e., that the definition (6.1) is independent of n.

Because of the asymptotic boundary behavior of 7', this extended 3 maps 2
onto C, since its image contains 7' 4+ n for all n € N. We wish to make 1) a global
coordinate on ). In the sections to follow, we will put a new coordinate on the
fibers of 1.
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7. CONSTRUCTION OF AN INVARIANT ONE-FORM ON D, .

The Jacobian matrix of the coordinate change

(u,8) = (t,0)
is
ot/ou 0Ot/ds
o) (o0 oo
We have seen that 7 is uniformly bounded on Dzu’s), and that 7 — 0 uniformly in
0 0
Déu 5) 88 U — 00. By the Cauchy estimates, therefore, —Z and 6—2 — 0 uniformly
in Dzu 5) S U —> 00, Now, differentiating (3.3) with respect to u and s, we obtain
ot ot
— =1, =-=0
Ou " Os

uniformly in Déu 5) S U — 00. Now, the Jacobian matrix of the inverse coordinate
transformation

(t,v) = (u,s)
is
L Zot/0s du/dt Bu/dv
ot/ou ot/Ou =
(7.2) ( v ) - (63/8t 88/%).

Thus % is bounded in th,v) =T x {v: |v] < 0}, and approaches 0 uniformly in
Dy, . as t = 0o. (Note that ¢ — oo if and only if u — 00.)
Now, in terms of the coordinates (¢,v), F' takes the form
th=t—1
v = g(t,v),
where
g(t,v) = s1(u(t,v), s(t,v)).
We wish to estimate % We have
du _ 05 _ 10 95,05
Ov Ov Ou v Os Ov
From (2.11), we obtain

0s1 s 1, 1
% - u2 +Os(|u|2) - OS(|’U/|2)
881 - 1 1
E_H'EJFOS(W)’
and from (7.2), we have

ou

— =01

5, = Os(1)

9 _1.

ov
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Since we are restricting our attention to domains on which s is bounded, we may
drop the subscript s from the above expressions. They combine to give

6@1 1 1
For (t,v) € Dy, ), consider
= 1 6vn 1
(7.4) (t,v) = (1 - _) ( + ) .
nl;[() tn Ov,
Then
(7.5) log(€(t,)) = 3 o [(1_i) (8%4-1)]
- ’ 7 _n:0 & t" 6vn
But
1 Ov 1 1 1 1
o8 Kl‘ E) (a_)] =L "1 toLE) o)
t—u 1
=~ut TOp)
1 1
= O(|10g u)O(r3) + ()
1
= 0(@)

for any k < 2. With Lemma 3, this shows the convergence of the sum in (7.5).
Thus £ is a well-defined holomorphic function on th,v). Our estimate above also
shows that log(¢) — 0 uniformly in th,v) as t = oo. Thus & — 1 uniformly in
Dét,v) as t — o0o. So given € > 0, we may assume, by choosing R sufficiently large
in Section 2, that

(7.6) £(t,0) — 1] <e
in Dét,v)'

Now, let
(7.7) £(t,v) = t€(t,v).
Then

n=0 n=1
so that

~ vy ~
7.8 t — =&(t,v).
(7.8) §(t,v1) 5 = = £(t,0)
Define the one-form w on Déw,y) by
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Then w is invariant under F; i.e., it satisfies
(7.9) F*(w) = w.
8. NEW COORDINATE ON THE FIBERS OF 9

We wish to integrate w on fibers of ¥. As a preparatory step, we show that these
fibers are connected and simply connected.

Lemma 10. For each t € C, ¢ 1(t) is connected and simply connected.
Proof. For each t € C, 1)~1(t) is exhausted by the sequence

An = 1»[)71(t) n an( Ew,y))J ne N:
each element of which is biholomorphic under F™ to
¢_1 (t - n) n Déz,y)a

which in turn, for n sufficiently large, is biholomorphic under the coordinate map
(t,v) to the disk {|v| < d}. O

Now define a function x on D(w y) as follows. Given p = (z,y) € Déx,y), let C
be a path joining (z,0) to p on ¢»~1(¢(p)). Then let

x(p)=/cw

v(p)
- / E(t(p), v)dv
0

v(p)
= t(p) / £(t(p), v)dv.

The mapping x; of
N Dy, = A{lv] < 6}
into C defined by x:(v(p )) x(z(p),y(p)) is then injective, in view of (7.6), and
covers the disk {|w| < [¢|(1 —€)d}.
Notice that x satisfies

v(F(p)) |
X(F@) = / EGHEF p)), v)dv

v(F(p)) _ v(F(z,0)) _
- / Et(p) — 1,v)dv + / Et(p) — 1,0)dv

v(F(z,0))
= x(p) + £(t(p),
where in the last equality we have made use of (7.9), and where
v(F(2,0))
(8.1) k(t(p)) := /0 E(t(p) — 1,v)dv.

Now we extend x to {p € Q:t(p) € T} =~ 1(T) by defining
82)  x(p) =x(F"(p) - [£(tP)) + &(t(p) —1) +--- + &(t(p) — (n —1))],

where n is chosen so that F"(p) € D{, . It is clear that this definition is inde-

pendent of n, and valid when ¢(p) € T (since k is defined there). It is also clear
from this definition that for ¢ € T, the mapping x; from ¥~1(¢) to C defined by

x:(v) = x((z(p), y(p)) is injective.
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Lemma 11. The mapping x; defined above is a biholomorphism of ¥~1(t) onto C.

Proof. Tt remains only to show that the mapping is onto C. Fix ¢t € T'. Consider
again the sets A,,, each of which maps biholomorphically under x; , o F™ onto a
set containing the disk {|w| < |t —n|(1 —€)d}. In view of (8.2), therefore, A, maps
biholomorphically under x; onto a set containing the disk

(8.3) {lw+ k(@) +K{t—1)+ -+ &t —n)| <|t—n|(1—e¢)d},
which has center
en=—(k@)+rt—1)+---+k(t—n))
and radius
rn = [t —n|(1 —€)é.
It is clear that r,, —» 00 as n — oo.
We now estimate x(t). From (2.11), we have that

v(F(2,0)) = s1(1/,0) = s1(u, 0)
1

= 0+0(W)

1
= Ol).

From (7.6) and (7.7), we have that £ = O(|t|) in Di, -

integration in (8.1) to be a radius from 0 to v(F(x,0)) in C, we see that
1
) = [0()] (1)

= 0(2).

1

Choosing our path of

Thus
"1
Cp ~ Zl i logn
1=

as n — 00, while
Tp ~N
as n — oo. Thus
len/rn] — 0

as n — oo. O

9. BIHOLOMORPHISM OF () ONTO C2

We have now that the mapping (1,%) is a biholomorphism of ~!(T) onto
T x C. Furthermore, for n € N, (¢, x o F™) is a biholomorphism of ¢~ (T + n)
onto T +n x C.

Now, the function ¢ : Q@ — C, the open cover {¥)"}(T + n)}nen of Q, and the
coordinates (1, x o F™) on each 1)~'(T +n) define on Q a structure of locally trivial
fiber bundle with base C and fiber C. From (8.2), we have for n > m that

fnm(t) :==x o F"(p) —x o F™(p)
= k(t(p) —m) + &(t(p) — (M +1)) +--- + k(t(p) — (n — 1)),
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on (T'+n)N(T+m) = T+m. Thus the { f,,m} are holomorphic transition functions
subordinate to the cover {T'+ n} of C, satisfying

fn,m = _fm,n
fn,m + fm,l + fl,n =0.

Since the additive Cousin problem can be solved on C, for each n € N there exists
on each a holomorphic function f,, defined on T' + n, such that

fn,m =fo—fm VYn,meN.
Now, for p € Q, choose n such that t o F™(p) € T. Define
X(p) = x o F"(p) — fu(t(p)-

This definition is independent of n, and its restriction to each fiber ¢~ (t) is again a
biholomorphism of 1~1(¢) onto C, since this restriction differs from the restriction
to 1~1(t) of the old coordinate x o F™ by the constant f,(t). Thus (1, x) are global
coordinates on €2, and they map € onto C2.

10. INVARIANT COORDINATE ON THE FIBERS OF 1)

We construct in this section a coordinate on the fibers of ¢ which has the ad-
vantage of being invariant under F'.

Consider the following equivalence relation on Q. Let p ~ ¢ if p = F™(q) for
some n € Z. Let m; be the projection of  onto 2/ ~. Let my(t) = 2. Since

T 0 0 F(z) = e2mi¥(:)-1)
=720 "vb(z);
there exists p :  — C\ {0} such that the following diagram commutes:
$HT)
(10.1) | |~
9/~ —— C\{0}
w

Let

Sa =9 HT\ (T - 1))

s=u (C-PrT-3)
Xo = m1(Sa)

Xp = m1(Sh)

Yo = p(Xa)

Yy, = p(Xp)

o = Tis,

T = T1ls,
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Then X, U X} covers 2/ ~, and m,, m are injective and hence biholomorphisms.
Consider the functions

o : Xg = C
p xomyt(p)
gp: Xp —» C
pxom, (p)
Then g, and g, map fibers of p biholomorphically onto C. Now,
XoN Xy ={p€Q/~:Re(u(p)) #0,-1/2}
= AU B,
where
A={peQ/~:—1/2 < Re(u(p)) < 0}
B={peQ/~:—1 < Re(ulp) < -1/2}.
Note also that
YaNYy = p(Xa) N p(Xe)
= u(Xo N Xp).

On X, N X3, consider the difference

R -1 —1
fap = xomyt —xom, .

Note that if p € 4, 7, (p) = 7, *(p), while if p € B,

(10.2) Yom H(p) =¢om, (p) — 1.
Thus

B 0 peA
(10.3) fap(p) = {,g@p om,'(p)) peB

Note that f, 5(p) depends only on p(p), and may thus be considered a holomorphic
function on Y, NY, € C* = C\ {0}. Since Y, UY; covers C*, and the additive
Cousin problem is solvable on C*, there exist holomorphic functions

go: Y, = C

g - Y, - C
such that fo 5 = gs — g, on Y, NYs. Then

-1 -1
fap=xo0m, —xom,

= (9p — 9a) © -
Thus
(10.4) X:i=xom, ' —gaop

is a holomorphic function on Q/ ~ mapping fibers of y biholomorphically onto C.
X o 71 is then a holomorphic function on Q mapping fibers of 4 biholomorphically
onto C. It is furthermore invariant under F'. Thus the coordinates

('l:[}))% o 7T1) = (t7 q)
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map ) biholomorphically onto C2, and satisfy

(10.5) (t1(p), a1 (p)) := (to F(p),q o F(p)) = (t(p) — 1,4(p))

for p € Q.

11. MANY FATOU-BIEBERBACH PETALS

It is easy now to construct automorphisms of C? with arbitrarily many Fatou-
Bieberbach petals, each of which is a basin of attraction to the origin, and on each
of which the automorphism is conjugate to translation.

Fix n € N, and, using Theorem 2, choose F' € Aut(C?) of the form F = (f1, f2),
where

fi(@,y) = 2+ 2™ + O(|™)

fo(z,y) =y + (n + 1)a"y + O(|z[*" ).
As in Section 2, we blow up F by ¢ : (z,s) = (z,zs) = (z,y) to F : C*\ X — C2,
X an analytic hypersurface which does not meet the s-axis, and find that near the
s-axis F' has the expansion

z1 =z + 2" + O4(|z*" )
51 = s +nsz™ + Os(|z]|*™).
Let g(z,s) = (nz",s). Let D, C C? be defined as in Section 2. Since it is
simply connected and does not meet the s-axis, we may define on D(, 4 n distinct
branches of g=!. Call these hy,...,h,. For any i between 1 and n, consider
F,:=goFoh;,
defined on D(, ;). Then F; has the form
z1 =z + 2% + O, (|z]?)
81 = s+ sz + Os(|z|?).
Let
D; = ¢ o hi(D(z,q)-

Note that the D; are disjoint, since ¢ is injective away from the s-axis. Then F' is
conjugate on D; to F;. If we let

oo
Q= F(Dy),
n=0

the argument of the previous sections shows that each €2; is a Fatou-Bieberbach
domain on which F' is conjugate to translation.

12. A GENERIC CLASS OF AUTOMORPHISMS OF C2

In Section 2, we chose to work with a rather specific class of automorphism to
simplify the exposition. However, the argument may be extended to much more
general classes of automorphism.

The family of quadratic polynomial mappings tangent to the identity has been
classified up to linear conjugacy by Ueda ([7]). We list the conjugacy classes here,
along with a normal form for each class:
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Ni(aq,a2):  z1=z+a12?+ (e + 1)y
y1 =y + (a1 + Day + azy?

N (o) : 21 =z +az? + zy
y1=y+(a+1)zy+y°

Noa(a) : T = + ax?
y1=y+(a+1)zy

N3 : T =2+ 2y
n=y+a’+y°

N3 : =z +22
n=y+2>+ay

N3,3: 1 =
y=y+a°

Ny : 1 = + 22
N =y+zy

Ny : r =
N=Y9-

Here Ny (aq, az), indexed by two complex parameters, consists of those mappings
which leave invariant exactly three lines; N» 1(a) and Na2(a), each indexed by one
complex parameter, consist of those mappings which leave invariant exactly two
lines; N3 1, N3 2, and N33 consist of those which leave invariant exactly one line.
The remaining two classes leave invariant every line.

In [8], with the help of a coordinate change suggested by Hakim in [4], we prove
the following.

Theorem 12. Let F be an automorphism of C? whose quadratic part Fy satisfies
one of the following conditions.

1. F» € Ny(a1,a2), and one of a1, az, —1 — a1 — as has strictly positive real
part and is not in N.

2. F» € Ny1(a), Re(a) >0, and a ¢ N.

3. F5 € Ng,z(a), and Re(a) > 0.

Then F has a basin of attraction Q to the origin, with Q biholomorphic to C?, and
F|q biholomorphically conjugate to the translation (z,y) — (xz — 1,y)

Remark. There is still a basin of attraction when we allow the above numbers
to belong to N, but I have been unable to prove the global statements about that
basin in this case.

We refer the reader to [8] for the proof of this theorem. Since each of Ueda’s
classes listed above is invariant under the mapping taking a germ to its inverse,
under the hypotheses of Theorem 12 it is in fact the case that both F and F~1!
have basins of attraction satisfying the above properties.
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