A QUANTIZED HENON MAP

JOHN ERIK FORNASS AND BRENDAN WEICKERT

ABSTRACT. We quantize the classical Henon map on R?2, obtaining a unitary
map on L2( R) whose dynamics we study, developing analogies to the classical
dynamics.
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1. THE CLASSICAL AND QUANTIZED HENON MAPS

We wish to study a quantization of the following classical Henon map on R2:
(may) = (.’I}2 —y+ C:'Z'):

¢ € R. A quantization of functions on R? is a map o from the space of functions to
the space of self-adjoint linear operators on L?( R) which extends the prescriptions

(1) z — multiplication by z
(2) y — —ihd,.

Here h is a positive constant, and we define the Fourier transform F on L?(R) by
Fy(z) = 1/V2rh / Y(t)e @t/
R

This integral formula makes sense on a dense subspace of L?( R), for instance on the
Schwarzian space S of smooth rapidly-decreasing functions, and the definition may
be extended to the whole space by continuity. In fact it may be extended by duality
to the space S’ of so-called tempered distributions; it is sometimes convenient to
work in this larger space.

In this paper, we will often use z and y to refer also to their corresponding
quantizations, without explicit reference to 0. Note that y = F~'zF. Also, for
measurable functions f : R — C, we will let f(z) denote multiplication by f(z),
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and, in accordance with the functional calculus of the spectral theorem [RS], f(y)
will denote the operator F~! f(z)F. In other words, f(y) is the pseudodifferential
operator with symbol f (see [T]).

Given a Hamiltonian flow ¢, on R?, let H be the Hamiltonian function which
gives rise to it; then solving the Schrodinger equation

ihoUp = o (H)Uyp
Up = 1d

gives a unitary solution operator U; on L?(R), which we call the quantization of
G-

It is known that the Henon map cannot be embedded in the flow generated by a
time-independent Hamiltonian function. It can, however, be embedded in the flow
generated by a piecewise constant Hamiltonian, and this is the approach we will
take. Of course, there is no canonical way to do this. Furthermore, there is no
canonical definition of the map o: one would like o to convert the Poisson bracket
of functions into the Lie bracket of operators; however, this desire is incompatible
with the requirements (1) and (2), and the various attempts to achieve it in an
approximate sense have given rise to various notions of quantization. All of these
notions, however, share the feature of approximating, in some asymptotic sense
(as h — 0) and for states localized near a point of phase space, the action of the
corresponding classical map on points—see for instance the expository article [KS].
Our point of view is to choose some quantization of the Henon map and study
its dynamics, with a view to deciding whether the main features of the classical
dynamics have analogues in the quantum version, or are rather artifacts of the
classical limit.

In studying elements of H := L?(R) or of U(#), the unitary operators on H, we
will always ignore multiplicative constants of absolute value one, the reason being
that they have no effect on expressions of the form

U™y, AU™Y)),

the so-called observables of the system, where here A is any self-adjoint operator.

To simplify the situation, we will fix A = 1, and instead allow the Henon map to
vary under conjugation by a dilation A. Thus we will consider the family of Henon
maps

g (z,y) = (A2 —y +¢/A z).

Let us write gx as the composition of the rotation (z,y) — (—y,z) and the shear
(z,y) = (z + My + ¢/\,y). The first of these is the time-(7/2) map of the flow
generated by the Hamiltonian —1/2(z% + y?), whose quantization is the self-adjoint
operator 1/2(02 — x?). This is the Hamiltonian of the reverse harmonic oscillator,
and it is well-known that solving its Schrodinger equation gives the unitary solution
operator

oo
P Y e, 6 g,
n=0
whose normalized eigenfunctions ¢,, are defined in terms of the Hermite polynomi-
als:
_ _ 2 dr .2
bp =1 1/4(2"7L!) 1/2(_1)nem /Zd_(e z )
mn
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The time-(7/2) map of this operator is

o
¥ €™ i, dn) b,
n=0
which is just the operator e™/4F~! in its spectral representation (see [Ti]). Thus,
ignoring the multiplicative constant, we quantize the rotation by F~1, the inverse
Fourier transform.

The shear (z,y) — (z + A\y? + ¢/),y) is in turn the time-one map of the flow
generated by the Hamiltonian Ay®/3 + cy/). Quantizing, solving the Schrodinger
equation, and taking the time-one map of its solution operator gives the unitary
operator e~ (Av’/3+cy/X) .= p—1e=(Aa®/3+c2/A) B Thus we will take for our quanti-
zation of the Henon map the unitary operator

U = e—z’(/\y3/3+cy/)\)F—1
— F—le—i(km3/3+cz/)\).

It is easy to check (by direct calculation) that the operator ei®’/2ei’/2¢iz”/2
differs from F~! by a multiplicative constant of absolute value one. Thus U is
equivalent to the operator

.2 .2 i3 2
el /Zezy /26 i(Az® /3—z /2+c:c/)\)7

so we find that
e—iw2/2Ueiw2/2 ~ 0— — 61'1/2/2e—i(/\ws/3—zZ—i-cw/)\)7

where “~” denotes equality up to a multiplicative constant of absolute value one.

We will make use of this form of the quantized Henon map—a quantization “by
shears”—in section 4.

2. STATEMENT OF RESULTS

Let U = F~le=i(**/3+c2/A) X > 0 and ¢ € R. We prove the following (all
terms will be defined in the succeeding sections).

Theorem 1: Suppose that 0 < 2ay < by with ((1+ A)bo)*7 < (Aaop/2)2, that
o < do are real numbers satisfying |co|, |do| < 10ag, and that ¢ € L?( R) has unit
norm and is €, € supported in [ag, bo] X [co, dy], where

1
(In In(ag))?’
Then if ag and by are sufficiently large, for each n = 1,2,... we have that U™ is
1/100,1/100 supported in [an, by X [@n—1,bn—1], With a,, b, — oo super-exponentially.

Theorem 2: If A > 0 is fixed and ¢ > 0 is sufficiently large, or if ¢ > 1 is
fixed and A > 0 is sufficiently small, then given any ¢ € L*(R) with [|¢]| = 1,
any € > 0 and any R > 0, there exists n € IN such that U™ is €, € supported in
[R,0) X [R,00). In particular, U has no discrete spectrum.

Theorem 3: Let y be the operator —id,; then
Ula2U = —y+ 2% +¢/A
UyU = =z
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on a dense subspace of L2(R). As a consequence, if ¢ > 1 or A > 1/2(1 — ¢), then
U has no eigenvector in the Sobolev space H! := {¢) € L2(R) : z¢p € L?(R)}.

Theorem 4: Assume that ¢ = 0. Write Uy = F~1e~i*"/3, Then there is no
2 ¢
analytic family 15 of perturbations of e~ /2 and analytic family ay of perturbations
of 1 € C such that

Uatpx = arya.

(In contrast, if we replaced the three in the exponent by a two, the theorem is
false.)

3. A BASIN OF ATTRACTION TO oo: PROOF OF THEOREM 1

One of the principles of quantization is that there should be a correspondence
between the behavior of the classical map on points and its unitary quantization
on states which are “pointlike”; that is, localized around a point in phase space.
Let us make the following definition: given € > 0 and § > 0, say that ¢ € L?(R) is
€,0 supported in a rectangle [a, b] X [c,d] € R? if

/ > < €
[a,b]°

/ |[Fy? < &
[e,d]e

We would like estimates which describe how U(v) is localized in phase space, in say
the above sense, given information on how v is localized in phase space. Then we
will draw conclusions about the dynamics of U from those estimates. The following
theorem is classical.

THEOREM 3.1. Let £(z) be a real-valued C* function on [a,b]. Then

b
/ eif(z) dz

Proof: We can assume that ¢’ # 0 on [a, b]. Hence we may assume that £’ > 0.

272 (b — a)||€"]| o 2w
(min |£'])2 min ¢/

<

Fix a v € [a,b] and let § = 1,2(7;). Assume that v+ 6 < b.

Then



A QUANTIZED HENON MAP 5

Y+4 . v+48 . , " (g(2)) 2
/ @ gy = / EHEMH M@=+ =) g < o) < oy 4o,
Y Y

v+6
_ / AN = (1))
Y

x (14 L(z,v))et M7dg

+6
0 = / L) =€ () il ()2 gy
Y

1+ L(z,y) = e 467
SUPLy 401 €" |
L) < —22 -y
Y+6 v+
[ e@as < [ L)
Y Y
< /’Y+6 sup[,m+5]|€”| A2
-y 2 mingy , 4.)(¢)

Next we divide the interval [a,b] into a finite number of intervals
[@1,b1],...,[an, by] Where a1 = a,by, = b,by, = a1, and b; = a; + %,j < n and

bn < an + piay-

Hence

b
/ oit(®) g

n by
Z / oit(®) gy

j=t17ai

S [ e

i=17a 2 min[aj,bj] (ﬁ')2
bn
+ / dx

nzl/\bj sup[a‘ib]lélll 47T2
= o 2 min, 5 (£')?

bn
+ / dz
212 (b — a)||0"]] oo 27
(min |£'])2 min |¢/|

IA

IA

Suppose now that [a, b], [c, d] are two given intervals, and £ a C? function on [a, b].
We denote by [e, f] the range of ¢ and C = ¢+ e,D = d + f. Suppose that 1) is
€, supported in [a, b] x [¢,d], [[¢]| = 1. Let ¢ = X(a.61F "' X[e,q)F'1b. Then we have
the following basic estimate:
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THEOREM 3.2. With 1), ¢ as above, we have ||{) — || < e+ and if x ¢ [C, D],
r:= dist(z,[C, D)),

Feitih(a)| < 1/ L= (2”2(”“’)””'”& 4 2_”)

2 r2 r

Proof:

19 = Xa1% Il + IX[a,1% — |
I1X(a.01 [F ™ Xie.at FY — ]I + [|X[a,51% — |

[l

< NF "X, FY = ¥l + [IX[an¥ — ¢l
= ”X[c,d]F"nb - F¢|| + ”X[a,b]w - ¢||
< d+e

Next we estimate Feiy)(x), = ¢ [C, D]

|Fe'y)()| |Fe* X o, F " Xe,q P ()|

= | (Fe*X(a,p) * Xie,qF¥)) ()]

(X[e, ) FO) () (Fe™ X[a57) (& — 1) dt
/. |

d
/ (F) (1) (Fe o) (@ — ) dt

d .
< (/ |F¢|> sup{|Fex(qp)(x — t)|;t € [c,d]}

p 1/2 g\ 172
< ( / |sz|2> ( / 1) sup{|Fexas) (@ — ); —t € [~d, —]}
< Va—esup{|Fexpu ) Dt € [z — dyz — ]}

d—c il(u —iu
= G sull [ O we duls t€ o - do— ]}
— b .
\/ d2 Csup{|/ et =t qy|: t € [z — d,z — ]}
u a

d—c  2n°(b—a)|(£ — tu)"] 2m
< -t —d _
A e Y Y G K
i—c_ 2b-olfle 2
= Vo P - Tmmpe g (ST Ar D
— 201 "
< [Tl (O 2
= 2m 2 r

since the inequalities x —d <t <z —cand e < ¢ < f imply that z — (d + f) <
t—0 <z —(c+e), from which we obtain |¢' —¢| > r.
|
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1" 1/3 )
THEOREM 3.3. Let R := max{ lf(i:rio(is)—;)’ (167r3(d—36()€(i;)a2)2”€ Ilio) }. Then ezézb

is €,2(e + &) supported on [a,b] X [C — R, D + R].
Proof: Let I = [C — R, D + R]. We have

2
o~ e8] — 272 (h — " . 9
FtdO)? dt < 2/ ( d c(ﬂ(b I +_ﬁ>> N
Ie R 2'/T r r
— > 2(p— " 2 ) 2
L -9 V (% G- ot ||Oo> dr+/ (Q_W) dr]
2 R r . ,
— 4(n — 2\2(| 1|2 2
o 2d=¢) [4r'(b— a3, | 4n*
o ™ 3R3 R
< (e+9)%.
Thus
IFeyllre < |Fetsh — Felllre + || Fed|re
< |Fe'y = Fel|| +[|Fe“|lr-
= ||¢ =Pl + |[Fe’sd||r
< (e+0) + (e+9).

THEOREM 3.4. Suppose that ¢ is €, supported on [a,b] x [¢,d], with 0 < a < b,
d—c < 10b. Let £(z) = —Ax®/3 — c'z/\. Then ey is €,2(e + 8) supported on
[a,b] x [c — Ab?> — /A — R,d — Xa® — ¢' /X + R], where

B oy | 1607 (640X207 12
- (€+0)2" \ 3(e+0)?

Proof: This follows directly from the previous estimate, with ||€]|2, = (2\b)?
and [e, f] = [-Ab? — ¢/ /), —Xa® — '/ \].

Now, F~1, the inverse Fourier transform, maps any pair (v, F4) to the pair
(F~Y,9) = (F2(Fv),v). Recall that F? is the involution v (x) — ¥ (—x). Thus
if ¢ is €, supported in a rectangle I x J, F~14) is §, € supported in —J x I. Thus
we obtain immediately the following:

THEOREM 3.5. Let U be the unitary map F~le~i(Ae°/3+¢'/X) on [2(R). Sup-
pose that ¢ is €,0 supported on [a,b] X [¢,d], with 0 < a < b, d—c¢ < 10b. Then Uv
is 2(e + ), € supported on

[Aa® +c'/A—d— R,\*+ /A —c+ R] x [a,b],

Py | 160 (640N%07 1
- (€+0)2" \ 3(e+0) '

where
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It now becomes necessary to reduce the error in the above estimate. We can
achieve a more accurate localization of a function in a rectangle by perturbing the
function appropriately, while allowing the rectangle to expand. This is the point of
the following theorem.

THEOREM 3.6. Suppose that ¢ is €,€ supported in [a,b] X [c,d], with ||¢|| = 1.
Let

~ _(z—c)3e
b =Fte” W=7 Fxjy 9.
Then |[¢p — || < 3e. Let [¢,d] D [c,d] be the interval consisting of those x for which

VIn72(d — ¢)
—

Let [a,b] D [a,b] be the interval consisting of those x for which

dist(z, [a,b]) < 2Ve In 12yd-cb-a
Y = d—c '

£5/4

|z —c| <

Then ¢ is €/36,¢/36 supported on [a,b] x [E,d).
Note that 1) is not necessarily of norm 1; however,

1-3e<||9]| <1+ 3e

Proof:
- _(@=e)%e
I =9l = [IFY —e @97 Fxp||
_(z—e)2e _(z—e)2e _(z—c)3e
< le @ Fxpap —e @7 Fyl| +[|(e @97 —1)Fy|
_ (=—c)?e
< NEXan ¥ — FYll + lIxe,gle @92 = 1)Fy||
_(e=c)3e
+ X gye,qle @27 = DFY|
< ||X[a,b]'¢ -l + 6||X[c,d]F¢|| +[Ix R\[c,d]Fip”
< €e+e+te
Next,
. _(2=a)2c
IXweaFPl = IXweae @7 FXan?ll
1
< E”XR\[E,(}]FX[a,b]i/}”
€ 1
< E‘FEHXR\[E’(]]FQ/’”
< =

36°
Finally,
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_(z—e)2e
b = Fle =7 Fypauy
_ (z—e)2e
= (F7'e" @97 ) % (X[an¥)

d—rc icx _22%(d—c)?
= [ ——e"%e” * (X7 .

Thus

~ d—c

_(@—t)2(d—e)? (a- c)?

<

If dist(z, [a, b]) = 7 > 0, then

Thus

1/2
/ (@) do
dist(z,[a,b])>p

IA

2\/b —a(d —¢) / o=
V2e P

< oVb—ald—0) [V2 VT _rucr
- V2e d—c 2

1/4 by
- (2—”> G s

€
< /36,

where we have used the following inequality, valid for a > 0:

/oo e—aﬁ de = /oo e—a(m-',-p)z da
P 0

2 > 2
= e / e o —2azp dz
0

2 o0 2
e / e dx
0

IN

Define
1

() = T @)

40mb [ 160X273b5\ 1/°
R(a,b) = max {e(a)27 ( 3c(a)? ) )

for z > 1, and
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Let us assume that 1 << ag < 2a¢ < by, with by sufficiently large that

! /

R(ag, bo) + 10ag — CX +1 < R(bo, bo) + 10by — CX +1< bl

Define
2\/ 72\/ —a) —a?) +10b+ 2R(a, b))
p1(a,b) =
(a)5/4
and
VIn72(b — a)

2a,b:
p2(a,b) @

Assume that ag is sufficiently large that pi(ag,bo) < 1, and that by is sufficiently
large that pa(ag,bo) < bg*.

Assume that ¢y < dy are chosen such that |co|,|do| < 10ag. Given ¥ € L?(R),
||| = 1, such that v is €(ag), €(ag) supported in [ag, bo] X [co, do], we obtain from
the previous two theorems that there exists 9 € L2( R), |[Y1 —U%|| < 3€(ag), such
that v, is €(ao)/9, €(ag)/9 supported in [a,b] x [¢,d], where

~ c

a = a2+ I do — R(ag,bo) — p1(ag,bo) > Aa2 — bg"
!

b o= B2 f\ co + R(ao, bo) + p1 (a0, bo) < b2 + bL7

¢ = ag— pg(ao,bo) > ag — b(l)l

ISW

= b+ pz((lo, b()) > by + b(l)'l
Suppose that ag,bo are chosen so that ((1 + A)bo)!" < (Aag/2)%. For n > 1,

define
2 (Aao\”
A\ 2 ’

ap =~

1

m((l + A)bo)*"

bn =

Note that then

[((1+ X)bo) 71>
5

2
()

for each n > 1. Let also ¢, = an—1 — b, dp = bp—1 + b4, for each n > 1. Now,
a simple induction shows that 2a, < b, for all n, and we have also that

(14 N)b)"7"

len| < dn <2bn 15
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while
9 B 2
10a, = 10 (X) (Aag 1)
> T+ W)
> 20657,
> 2bll.
Thus

lenl, |dn| < 10ay,

for all n. Furthermore,

and
1 n
2 T _ 1.772
Aa, —by" = 2ap4, — m[((l + A)bo) ']
1 A 2n+1
ag
9 - - 2=
> Ap41 (1 ¥ A)1'7 ( D) )
B A
= 20011 2(1 + )\)1-7a"+1
> (2-1/2)an41
> Qpt1
for each n.
Now, let us assume that ag is chosen large enough that
a3
“wsTg

Then a,, — oo super-exponentially. Also,
L 1 C(ao)
<) = @) = 1)

where C(ag) = 0 as ag — oo. If we suppose also that ag is chosen large enough
that

(Ina,)® > In (%) +2lna,

for all n, then we obtain that €(ant1) > €(an)/9 for all n. Thus we have the
following theorem:

THEOREM 3.7. Suppose that 0 < 2ag < by with (1 + A\)bo)*™ < (Aao/2)?, that
co < do are real numbers satisfying |co|, |do| < 10aq, and that 1 € L2(R) has unit
norm and is €, € supported in [ag,bo] X [co, do], where

1

(In In(ag))?’

Then if ap and by are sufficiently large, for each n € N we have that U™y is 1/100
supported in [ap,by], with an,b, — 0o super-ezponentially.
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Proof: Let 19 = 1. Define the sequences an,by,cn,d, as above. For each

n=0,1,..., we find a 41 which is €(an+1), €(an+1) supported on [an41,bnt1] X
[¢n+1,dn+1], and such that ||, 11 — Uy|| < 3€(a,). Then
n—1
[ = U™holl < 3 e(an)
=0
= 1
< 3C
P (ao) zz:; (TL ¥ 1)2
S 60(@0)
< 1/200

for ag sufficiently large. Since ¢, is 1/200,1/200 supported on [an, by] X [cn,dy]
(again assuming that ag is sufficiently large), the result follows.

COROLLARY 3.8. Under the same hypotheses, for each n, U™ is 1/100,1/100
supported in [an, bp] X [cn, dp], where ¢, and dy, also go to infinity super-exponentially.

Proof: We have already pointed out that if any ¢ € L?(R) is ¢, € supported in
[a,b] x [c,d], then U¢ is 4e, € supported in [a’,b'] x [¢/,d'], where ¢’ = a and d' = b.
Thus we may take ¢, = a,_1 and d,, = b,,_; and apply the theorem.

4. DYNAMICS FOR LARGE ¢, SMALL A: PROOF OF THEOREM 2

In this section we will begin by considering the operator

7o _iy?/2 _—i(Az®/3—z24cx /A
U .= ety /2¢—1(22"/ /),

which, as we have described in the introduction, is unitarily equivalent to the oper-
ator U. We wish to show that if certain conditions are put on ¢ and A— specifically,
if A > 0 is fixed and ¢ > 0 is sufficiently large, or if ¢ > 1 is fixed and A > 0 is
sufficiently small- then all states are sent to infinity by the iterates of U in the
sense that for any 1 € L?(R) and any interval I := (—oo, R] C R,

10"l — 0

and
IFU™ || -1, — 0

as n — 00. Then we will be able to draw similar conclusions with U in place of
U. In particular, if these conditions are satisfied, then U has no discrete spectrum.
Note that for the classical map (z,y) — (22 + ¢ — y,x), ¢ > 1 implies that there is
no domain of points with bounded orbit.

We begin by defining the so-called Airy function: let

Ai(z) = Fe /3,

(Here of course we must use the natural extension of F' to the space S’ of tempered
distributions, dual to the space S of smooth, rapidly-decreasing functions on R.) It
is known that Aq is real-valued on R, bounded, real-analytic, and, most importantly
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for our purposes, that it decays exponentially at +o0: precisely, there exist A, B > 0
such that

|Ai(z)| < By Yt (2/3)a%
for £ > A. Increasing A if necessary, we will replace this by the estimate
|di(z)| < ™"

for ¢ > A. See [T] for a description of these and other properties of the Airy
function.
Let
IU/(:E) — Fe—i()\zs/3—w2+cw/)\)

= Fe 3@+ EF 2450

Using elementary properties of the Fourier transform, it follows that

) = (™) (e BEHTIATI2 44 (A—l% 5 1>> .
Thus we have the following estimate:

LEMMA 4.1. If

-1
> A1/3A —_ C_
x T
then
()] < A~H/3e 207 S0,
Proof: This follows immediately from the estimate on Ai. ]

Now, for C' € R, define
Co = { € I3(R) : [Fy()] < A0 for x > O},
Note that if ¢ € C¢, then

/oo |Fp? < 1/2.
C

THEOREM 4.2. Let T = sup |Ai(z)|, and suppose that

5= %1 A3 (A +In(T + 1)) > 0.

Then
0 : CC — CC_(;.

Proof: Note that sup |u(z)| = A"Y/3T. Let ¢ € Cc and suppose that z > C — 6.
Then

c—1

z > C-— + A3 (A +In(T + 1))

> C— % FA/34.
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We have

[FOY(@)| = |Felv'/2emiOn /3= ex/ Ny )

_ |ez':c2/2Fe—i(ka:3/3—z2+ca:/)\)w(x)|
— |Fe—i(/\w3/3—w2+cw/>\)¢($)|

| x Fip()|

[ e =iFoai

D, + D, + D3,

IN

where
c
p(z — ) Fp(t) dt

z—AY3 A4 (c—1)/A

.
J

D, = p(x — ) Fp(t) di

C

Dy = / h u( — t)Fy(t) dt

2—AY/3A4(c—1)/A

c 1/2 o 1/2
( | e dt) (/ (e~ o) dt)
o 1/2
1(/ m(x—t)Pdt)
o 1/2
\1/3 (/ e~ AT @t 251)) dt)

1 - c—1
= iA—l/%\l/G(e—ﬂ VOt 1/2
ATLBNL/BATHO 55T )

Then

D,

IA

IA

IA

<

’

/zA1/3A+(c1)/)\

Dy (/\—1/66,\—1/3(C—t))(/\—1/36—2>\—1/3(z—t+%)) dt

IN

C
z—AY3 A+(c—1)/A
— A71/2/ e,,\—1/3(2z,t70+2(c;1))dt
C

)\_1/2)\1/3[e—x—1/3(z+>\1/3A—o+C;1 _ e—,\—1/3(2z—zc+—2“;1>)],
and

Ds

IA

/oo (/\—1/66)\_1/3(0—15))(/\—I/ST) dt
T—AY/3A+(c—1)/A

= Al2T /Oo O gy
z—A1/3A+(c—1)/X

A_l/QT)\l/seA_l/s(C—$+X1/3A7%)‘
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Dy +D>;+D; < )\_1/662>‘_1/3(C_%_$)
+ )\—1/6[e—k_1/3(z+)\l/3A—C+C;1) . e—A—1/3(2z—2c+@)]
+ A~/ AT A (C—a AP A— 3
= A OATVHO R e A g e
< ANUEATVE(C-E o) (T +1)e?
= ATL/EATVHO- NP (A4In(TH1)) —2)
_ )\—1/66)\_1/3(0—6—3)‘
|

Note that, given ¢y € L?( R), an arbitrarily small perturbation of ¢ lies in some

Cc. Thus the L? mass of FU™) moves to —oo for every ¢ € L*(R).

COROLLARY 4.3. For ¢, \ satisfying the above condition, the operator U has

no discrete spectrum, and neither therefore does U.

We would like to show now that, under the same conditions on ¢ and A, the L2

mass of U™ moves to +oc for every ¢ € L2(R).
THEOREM 4.4. Suppose again that the condition

5= % _AYB(A+In(T +1)) >0

is satisfied, and that ¢ € Cc for some C € R. Then, given R > 0,

as n — 00.

10"l —co,m) = O

Proof: By the previous theorem, Uy € Com) forn =1,2,..., where C(n) =

C —né. Then
|[jn+1¢(w)| _ |eiy2/2e—i()\z3/3—w2+cz/)\)ﬁn¢($)|

_ |e—m2/2 (eiz2/2€iy2/2€iw2/2)e—izZ/2e—i()\z3/3—z2+cw/)\)ﬁn¢(z)|
_ |e*iz2/2F*le*iz2/2e*i()\zs/3fz2+cz//\) U’nw(wﬂ
_ |Fflefi()\z3/3fz2/2+cz//\)ﬁn¢($)|
_ |(Fflefi(/\zs/sz2/2+cz/)\)) " (Fflﬁ—n,(p)(x)l
= |vx(F'U™)(),

where

F—le—i(Az3/3—z2/2+cz/)\)
F2(Fe*i[%(z*%)3+
R T c—1/4\1 . . B C—1/4

F? etz e ilax (@ IN71/8 44 ( A 1/3(:c+T)

c—1/4)=
: A/) +241>‘2])

(e_iﬁf)(e_i[%(—w+#)]))\—1/314i ()\—1/3(_3; + ¢ _)\1/4)))
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Thus
(@) = A71°

Ai ()\_1/3(—:U+ C%\Mo ‘

Recalling the estimate
[4i(z)] <™, x> 4,

we have
lv(z)| < ATL3AT A
whenever
< % — /34,
or
v(z —t)| < ATL/3AT (@t )
whenever

t>x— #—}—)\1/314.
Furthermore, since U™y € Cc(n), we have
|FT'0™(t)| = |F*(FU™)(@)]

|FU™ ()|
)\71/66)\_1/3(C(n)+t)

whenever t < —C(n).
Suppose now that

z < —C(n) + 0_7;/4 34,
Then
U™ y(@)| = v (F'U") ()|
‘/ v(z —t)F1U™)(t) dt‘
< D1R+ Dy + D3,

where

P Ve DS VAY ~
Dy = / V(@ — )F 1Tmp(t) dt

— 00

~C(n) 5
Dy, = / v(z —t)F7U™p(t) dt
m—#-}-/\lmA

D3 = /Oo v(z — ) F1U™p(t) dt|.
~C(n)

Then we have

wﬁ;—;/4+)\1/3‘4 L
Dy < /\‘1/3T/ ATVEATP(CmH) gy

—0o0

—1/6 A"Y3(C(n)4o— =LA A1/3 4
A~ 1/6Te (Cn)+z—= ),
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—C(n) 1/4 _
D, < / ()\—1/3e2>\—1/3(m—t—%)) ()\—1/66/\ 1/3(C(n)+t)) dt
- A \1/34

-C(n)

_ )\71/2/ e)\_l/3(C(n)+2z7t7M) dt
z,#+,\1/3‘4

_ —1/3 _\1/83 4 _c—1/4 5y—1/3 _e—=1/4

A 1/6[6/\ (Cn)+x—A"/"A—== )_ez)\ (C(n)+z—== )]7

- 1/2 - 1/2
D (/ [T () dt) (/ vz — t2 dt)
—C(n) —C(n)
- 1/2
1- (/ lv(z — t|? dt>
—C(n)
- 1/2
e
—C(n)

1/2
= ATU/3 (—)‘;/364*_”3(0(71)%—%1“))

and

IA

IA

= Ly-usgaraomte- =i
\—1/6 22713 (C(n)+a— L)

Combining these estimates, we get

Di4Ds+Dy < A VO[T Cmarta PAmH ) | AT C e A A=),

= AU e [Te? 4+ e=4]

< Afl/ﬁez\_l/s(c(n)+zfC_;M)[(T+1)6A]

_ )\—1/66/\_1/3(0(71)-{-3:—#+,\1/3(A+1n(T+1)))‘

To summarize, for each n € IN, we have
|Un+1¢($)| < /\71/66/\_1/3(C’(n)+z7#+)\1/3(A+1n(T+1)))
for all
—1/4
z < —C(n)+ % —A/34,

Since C(n) = C — nd, letting n — oo gives the desired result. [ |

COROLLARY 4.5. Let ¢ € L2(R), and let U = F~1e—iX*/3+ca/N)  Guppose
that ¢ and X satisfy the condition of the theorem. Then for any R > 0, we have

||Un¢||IR -0

and
IFU" |1, — 0

as n — o0.
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Proof: Since U{Cc : C € R} is dense in L?(R), it suffices to prove the corollary
under the assumption that e~i@”/ 24y € C¢ for some C. We have
Ump(@)| = e PO ()|
= [Tre™ " Py ().

The first statement therefore follows from the theorem. The second then follows
immediately from the first, since

[FU™ (@) = [F(F~ e O /StesMyymy(e)
. 3
— |e—z()\w /3+cz/)\))Un¢(m)|
U™ (a)].

5. EIGENVALUE QUESTIONS: PROOFS OF THEOREMS 3 AND 4

We first prove an Egorov-type theorem for unitary operators which are quanti-
zations of shears; that is, of the form e/(®) or ¢/(¥). The time-one maps of the
Hamiltonian functions f(x) and f(y) on R? are

(@,y) = (z,y — f'(2))
and
(@,y) = (@ + f'®),9),
respectively, and their corresponding quantizations are e~¢/(*) and e~#/(¥). (As

usual, for a function g : R — C, we use the notation g(z) to denote multiplication
by g, and g(y) to denote F~1g(z)F.)

THEOREM 5.1. Let f: R — R be a C' function. Then

ef @) pe—if(z) — 4
el @ye i@ = 4 ()
efWge= W) = g4 f'(y)

efWye=ifly) = 4

Proof: The first and last of these equalities are trivial. For the second, suppose
that ¥ € S € L2(R). Then

e @) ge=if @y = (@) (ig,)e~ @)y
@ [—i(—if'(x)e ) + e ) (-i, )]

= (y—f'@).
Now the third follows from the second:
efWpe—iflv) — p-1gif(@) prpp—le—if(@) p

= F @ (—y)e i@ F
= Fl'(-y+f'@)F
= z+f'(y).
The equalities are therefore valid on a dense subspace of L?( R). [ ]
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COROLLARY 5.2. If

U= F—le—z'()\zs/S—l—cz/)\)
then

U~'zU —y + Az +¢/A
U WU = =

Proof: This follows immediately from the theorem and the identities FzF~1 =
—y and FyF~! =z. [ |

Recall the following consequence of the Cauchy-Schwarz inequality, known as
the Heisenberg uncertainty principle: let ¢ € L?(R) satisfy ||[¢|| = 1, z¢ € L*(R),
and yy € L2(R). Let

Aww = \/(¢a$2¢) - (’(ﬁ,.’lﬁ’(ﬁ)Q

and

Ay = (b, y%)) — W, y)2.
Then

At - Ayt (@ = (&, x| - Iy = (¥, y9))¥l

> (e — (), (0 — (0, 30))0)
> Tm((e — (6,20)0, (v — (W, y))
= Wl - @a), v — W y)])
1
1 .
= 2—Z(¢al¢)
= 1/2.

THEOREM 5.3. Let
U= F—le—i(/\xs/S—{—cm/)\).

Ifc>1 or A > +/2(1—c), then U has no eigenvectors in the Sobolev space H' :=
{ € L>(R) : 2 € L*>(R)}.

Proof: Suppose that 1 is such an eigenvector. Then (Uvy, AU) = (¢, Ay) for
all self-adjoint operators A such that ¢ is in the domain of A. Also note that

|F ()|

|FUY(z)|
_ |e—i(/\z3/3+cz//\),¢($)|

= [p@)l.

Thus if f : R — R is any function such that

/Rf|¢|2 < o0,
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then

@, fy)y) = @, F ' f(2)Fy)
(FY, f(@)Fy)

- /Rf|Fw|2

= [ rwr
R

(W, f(z)¢).
In particular, z1) € L?(R) implies that yy € L*(R). Also, A9 = Ayyp > 1/4/2.
Then

(W zp) = (U, zUy)
= (Y,U'aUy)

(W, (=y + Az” + ¢/A)Y)
= —(,z) + N, 2¢)* + (Az9)%] + ¢/

Thus

(W, zp) = 1+ /1 — (W2(A,9)2 + ¢).

Therefore we require
0<1— (W (A)? +¢) <1-(N/2+¢),
from which we conclude that ¢ <1 and A < /2(1 —¢). [ |

We wish to remark on the following curiosity: consider the operator e F for
A in a neighborhood of 0 € R. For —1 < X < 1, it has the eigenvector

ei/\z2/27(\/17/\2)z2/2

while for |A| = 1, it has a purely continuous spectrum, since, ignoring multiplicative
constants of absolute value one, we have

Fe—iz2/2 (eiz2F)€iz2/2F—1 — Fe—iw2/2 (eiz2e—iz2/2e—iy2/26—ia:2/2)eiwg/QF—l
_ Fe—iy2/2F—1
— e—ix2/2
and
Fez'z2/2(e—iz2 F)e—im2/2F—1 _ Fez'm2/2(e—iz2e—iy2/2e—i:c2/Ze—iy2/2)e—z'm2/2F—1

Feiy2/2(e—iy2/2e—iw2/2€—z’y2/2)(e—iz2/2e—iy2/2)e—iz2/2)F—l
= Fev'/>(F?)F-!

— Fez'yz/zF—1F2

ein /2 Fz,

which is a square root of €. The phase change at |A| = 1 occurs exactly where

the eigenvalues of the underlying classical map, which is linear, become real, so

that the map changes from being conjugate to a rotation for |[A| < 1 to having a
saddle for || > 1.
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We wish to investigate whether the situation is similar if we replace the exponent
two by a three in the definition of this operator.

THEOREM 5.4. There is no neighborhood I of 0 € R, analytic family {i,} :
¥ € L2(R) of perturbations of o := e~= /2, and analytic family {a\} : ax €
{|z| =1} C C of perturbations of ag := 1, such that

e Fipy = axiy

for each A € I.
Proof: Assume the contrary. Write
Yx = e T2 4 Apy 4+ A2hg + ...
and
ax =14 Aa; + N2as +

Then, expanding the equation

Fypy = e 2 ayyy

in powers of A\, we obtain

(F—Id)e = /2 = 0
(F-1d)y1 = (a1 — iw3)e_$2/2
(F—Td)yo = (a1 —iz®)h1 + (az — 2°/2)e " /2

Consider the eigenspaces 11,7 ;,7 1,T; of the Fourier transform. In order to
solve the above equations, a necessary condition is that their right-hand sides be
perpendicular to T7. In particular, taking the inner product of the second with
e~""/2 and setting the result equal to zero, we find that a; = 0. Let V be the
inverse of the restriction of F' —Id to 7;-. Then

Vir., = (-1+14)/2
Vi, = (=1-1)/2.
Let
¢ = me /2
¢s = (1—2x) —a’ /2
3 = (3z—22%)e /2
¢s = (3—12:8 + 42t)e —=*/2
¢s = (15z — 2023 + 82%)e " /2
¢ = (15— 90z + 80z* — 162%)e " /2.

Then F¢,, = (—i)"¢, for each n. Solving the second equation above, we may write

¢1 = V(—i$3€_x2/2) + tl
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for some t; € T7. Substituting into the third equation, we obtain
(F—1d)yy = —x3V(w3e_”2/2) — izt + (ay — $6/2)€_$2/2
= 2PV ((3/2)¢1 — (1/2)¢3) — iz®t; + (az — /2)e™*" /2
— g [_1 akl (1 /2)¢3] — i’ + (as — 2°/2)e = /2

—1—1
2

- g ([3(_1 +D gy 4 1 (3, 23:3)] +(as — x6/2)> /2 _igdt,

T(3/2)¢1 -

4 4
= (a2 — (3i/2)z" + (i/2)2%)e =" /% — izdt,.
Again we require that the right-hand side lie in Tj-. Since —iz>t; is an odd function,
it is in T-. And since (ay — (3i/2)z* + (i/2)2%)e~="/2 is an even function, we have

Proj((as — (31/2)z* + (i/2)2%)e™" /2, T) = (1/2)(F +1d)(as — (3i/2)z* + (i/2)2%)e="/2
= [(2a + 3i) — (27i/2)a® + (9i/2)z*]e~" /2
# 0,
as may be easily checked using the fact that Fx = —yF = i0, F. [ |
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